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; IS‘ll:l;i}Ri’;;‘;:ﬁi)T;:c Following Reading Strategy and Leaming Objectiyes.

dy Strategy: : . — .. .
Stlu girﬂl read rhis cection with the limited objective of simply iryin

the following important key terms and canu:cpAls:
population proportion p, sample P_""P”’"””” :”:‘""”‘Pf”*S"d”“‘fhn.'r'm
ofp."apnrr:'on. contingency n'lhf(‘, Hldl’pL’f‘ld(‘.HLC Ofﬂf”'lblfh:‘s_ 80‘)dnes;.0
fit-test, chi-square distribution, paramelric 1ests, non paramerric togy,
2. Second, try'to understand what they accomplish, why they are need
develop the ability to calculate or select them.
3, Third, lcam how to interpret lllCl!:l.
4. Fourth, read the scction once again and try to understand the underlying yhe,
You will always enjoy much grcmc.r suceess il you understang what «
are doing, instead of blindly applying mechanical steps in order 1o obtain an ang
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B that may or may not makc any $ensc.

< . . o

3 Learning Objectives

s After careful study of li}is chapl.mt you shquld be able to do the following:

S 1. Structure enginecring decision-making problems as hypothesis i
= proportion. : ] ' 1
% 2. Structure comparative experiments involving two samples as hypotheyis e+
£ 3. Test hypotheses and construct confidence intervals On the ratio of
i varances or standard deviations of two normal distributions. :
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4. Test hypotheses and construct confidence intervals on single proportion ;
the difference in two population proportions

5. Usc the P-valuc approach for making decisions in hypotheses tests,

6. Compute power, type Il error probability, and make sample size decisions
one sample test and two-sample tests on proportions.

7. Explain and use the relationship between confidence intervals and hypothesis

8. Use the chi-square goodness-of-fit test, chi-square test for independence
attributes to check distnibutional assumptions.

9. Use contingency table tests.

9.1 Testing a Hypothesis (or Claim) about a Proportion

In many engincering and management problems, we are concerned wil
random variable that follows the binomial distribution. For example, conside
production process that manufactures items that are classified as either acceptable
defective. It is usually reasonable 10 model the occurrence of defectives wih
binomial distnibution, where the binomial parameter p represents the proportion

ks defective items produced.

3 ~ Many of the methods used in sampling inspection, quality control ¢
2 reliability verification are based on tests of the null hypothesis that a proport
£ (wercentage ot probubility) equals some specified constant.

The proportions can also represent probabilities or the decimal cquivalents
g percents. The following are examples of the types of clamms we will be able totes!
" -395-
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Probability and Statistics Fer Enginecrs
mﬂl college graduates smoke,
Subjects taking the cholesterol-reducing drug Lipitor experience headaches
ot a rate that is greater than the 7% rate for people who do not take Lipitor
3, The percentage of late-night television viewers who walch The Late ShO\\"
with David Letterman is equal to 18%.
4, Based on garly exit polls, the Maiost candidate for the presidency will win a
majority (more than 50%) of the votes. : ‘
The required assumplions, notation, and test statistic are all given below
pasically, claims about a_popula\ion proportion are usually tested by using a nommi
gistribution as an approximation to the binomial distribution, as we did n previous
sections. Instead of using the same exact methods we use a different but equivalent
form of the test statistic shown below, and we don't include the correction for
continuily (hecause its effect tends to be very small with large samples). If the given
sssumphions are not all satisfied, we may be able to use other methods not described
in this scction. In this section, all examples and exercises involve cases in which the
assumplions arc satisfied, so the sampling distribution of sample proportions can be
approximated by the normal distribution. .
Testing Hypotheses (Claims) About a Population Proportion p
Assumptions
1. The sample observations are a simple random sample. (Never forget the critical
importance of sound sampling methods.) k5
2. The conditions for 8 binomnial distribution are satisfied. (There is a fixed number
of independent trials having constant probabilitics, and each trial has two
outcome categories of “success” and “failure.”)
3. The conditions np = 5 and ng 2 5 arc both satisfied, so the binomial distribution
of sample proportions can be approximated by a normal distribution with

pu=npand 0= \}npq
Naotation
: n X :
n = sample size or number of rials, p =7 (sample proportion)

p = population proportion (used in the null hypothesis).

q=1-p
Test Statistic for Testing a Claim Abouta Praportion

L8

7=
\/Eq
n

m (Finding the Test Statistic Z): A survey of n = 880 randomly sclected
adult drivers showed that 36% (or p = 0.56) of those respondents admitted to running
red lights. Find the value of the test statistic for the claim that the majority of all
adult drivers admit to running red lights.

We will sce that there are assumptions that must
assumptions are satisfied an

¢ hypotheses are:

be verified. For this

Solution: .
d focus on finding the

example, assume that the required
indicated test statistic. The null and altemativ
Hyp=05and Hy:p> 0.5.

Because we work under the assumption that the null hypothesis is true with

Ans
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p =05, we get the following test statistic:

r

p-p 0.56-0.5

e 08005 Ll
4 &80

Interpretation: We know from previous chapters that a z score of 3.56 is
exceptionally large. It appears that in addition to being "more than half,” the
sample result of S6% is significanthy more than 50%. Here we show that the
sample proportion of 0.56 (from 56%) docs fall within the range of values
considered 10 be significant because they are so far above 0.5 that they are not
likely to accur by chance (assuming that the population propertion is p = 0.5)

9.2 Test of significance of a single proportion
1f there is a single proportion yr, we follow the following p
the significance of population proportions
Step 1. Set up hypotheses
Null hypothesis: My p = pie., the population proportion ha
valuc pa.
(for two-railed test)
(for righi-tailed fest)
(for left-tailed icst)

rocedure for testing

s a specified

Alternative Itypothesis 1y p % po
or, H:p>py
or, Hyp<pa

Step 2. Level of significance (0):
Choosc most commonly used & = 5% unless otherwise stated.
Step 3. Test statistic: Under Ho 1 p = po. the test statistic

- " - ¢
7 L=r J’__ﬂ.=_\_ﬂj.’.‘__‘|\-(0‘|) ['-'P=P0.P=;.q=|'Pﬂl

TSE(R \/Zg (1 = po)
n

N ! X e y
where, p=sample proportion =7= 3 SE (p)= .

¥=number of successes: n = sample size
p = population proportion of suceess: § = I-p.
Step 4. Critical value: Obtain the critical or tabulated value of test
statistic Zat level of significance a
Step 5. Decision: If|Z|> Z,, for onc tailed test or, 12| > Z,2 for two tailed test, rejeet Hy
and accept H,. 1{}2] £ Z, for one tailed test or [7] € Z, for two tailed test, accept
Hy and reject /).
Summary of Decision Rule for Z-test
Critical Regions for Testing p = pq (Large sample)

Alternative Inpothests Reject Hotf
P<po Z<—z,ie.0Z|>z,
P> 2>z, 162>z
P*EPa Z<—Zqr0rZ>zpnic 12| > 202

Remarks:
1. If the-sampling is from a finite population of size N then standard crror of

sample proportion p is given by
e N-n pg
SE(p)= N-I n

10
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n
; . X RO PP - ot LI
Then test statistic of sample proportion pp is Z = ==~ N0, 1}

Non py
N-{ n
(I = @) 100 contidence for estimating population proportion p is given by
Clforp=ptz,SE )
ple: (Suervey of lJriwri' - Que sided test of propertion): Of 880 ”nd"mb:
selected drivers, 567 admitted that they run red hights. An unknown reporter “'m‘t
this:" Nearly all Nepali drivers agree that running red lights is dangerous. but """"L
than half udmit they've dome it, . . . , a survey found" Formulate and test an
appropriate set of hypotheses.
Solution: The Traditional method o
The original laim in symbolic form 1s p > 0.5(i.c., the majority or more
than half of all Nepalese drivers run red lights.)
The opposite of the original claim is p<0.5. )
Step 1. Setup hypothesiv;  Of the preceding two symbolic expressions, the
expression p > 0.3 does not comain cquality, so it becomes the alternative
hypothesis. The null hypothesis 1s the statement that p equals the fixed
value of 0.5. We can therefore express /4, and /1, as follows:
Null hypothesis: Ihp=05
Alrernative Iypothesis: Hy:p>05
- Level of significance (a: In the absence of any special circumstances, we
will seleet &= 0.05 for the significance level.
(Because we are testing a clam about a population proportion p, the
sample statistic f: 1s relevant to this test, and the sampling distribution of
sample proportions b is approximated hy a normal distribution. )
Test staristic: The test statistic 1s evaluated using # = §80 and p = 0.56. In
the null hypothesis we are assuming that p=05s0¢g=1-05=035. The
test statssuc is

9

-

Step 4.

e
(O3)w.s)
880
This is a right tailed test, so the critical region is an area of & = 0.5 in the
right til. Referming to Standard Normal Table A-3, we find that the critical
value of z,,= 1.645 is at the boundary of the critical region,
Step 5. Decision: Because the test statistic fails within the critical region,
ie,|z|>z,, we reject the null hypothesis,
Step 6. Conclusion: We conclude that there is sutficient sample evidence to support
the clainy that the majority of Nepalese drivers admit to running red lights.
The P-Value Mcthod
For the hypothesis test described in the preceding  example, the first
three steps of the P-value method are the same as those shown in the above
traditional mcthod, so we now
continue with Step 4,
Stepd. The test stalistic is==3.56
as shown in the preceding
traditional  method. We now

Pevzive = 0000!

- : 5 =05 ikt
find the P-value (instead of the e P F=05 |
critical value) by using the =0 ) i
following procedure, which is v2=354

shown in Figure. Tt Sratane |
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iy othe n

Hyp e area to right of test statistic 7

P-value area to left of test statistic 7

Pealue - twice the area of the extreme regio
bounded by the test staiistic 7

Right-tailed fest:
Left-tailed test:
Two-tailed test:

hvpolhcsis test we are considering is Tight-taileg

=3.56, the P-value is the area to the righ of ;<
ine to Standard Normal Table A-3, we see that for valye ofz<1¢

Rcfcn'";g rL ;\-c use 0.9999 for the cumulative area to the |ofy
he . !

a"d_ l:]ib Tl’lc area to the rightof 2 = 3.56 15 therefore I - 0999

statistic. sl

ht? ow hnow that the P-value ‘ls 0.0001, ‘

Wen the P-value of 0.0001 s less than or equal to the sigmficange |,

¢ § i

Because the

\"ih\;p
statistic of z

s 55
Step.>- BCNU: 0.05, we reject the null hypothesis
,o\f znh ':h;.‘lmljin(m;ll method, we conclude that there is suffieiep sany
Step 6. AS

idence to support the claim that the majority of Nepaless adumt ¢
evidenc 2

o ""‘mg :jiv‘:'l\‘lgé’:lsalfrics Experiments-Twa sided test of proportion),
N { t’]’(’zndci conducted his famous h)‘.bridiz;mun cxpcr.imenls with pea
Dihoy Creatt - t resulted in offspring consisting o 4238 peas with green pods zq
one such cxpcmnlcln“: 'ods- According to Mendel's theory, Y of the offspriyg
. ija:":hc)l/l‘;\j pu‘:h_ Usec a 0.05 significance level \\'»IIh the P-value method
:::;L;Lc cluimylhal the proportion of peas with yellow pud's 15 equal 1o ‘/.
Solution: After verifying that the assumptions arc all satisficd, we begin with the
P-value method. Note that =428 + 152 = 580, P =152/580=0.262, and fr
the purpose of the test, we assume that p = 0.25. . .
The original claim is that the praportion of peas with yellow pods is cqualto:
We express this in symbolic form as p = 0.25.
The opposite of the original claim is p # 0.25. |
Step 1. Set up hypothesis: Because p # 0.25 does not contain equality, it becoms
H,. We get
Null hypothesis: Hy: p =0.25 (original claim)
Alternate Hypothesis H,: p #0.25
Step 2. Level of significance (a): The significance level is a = 0.0, .
Because the claim involves the proportion p, the statistic relevant 10 xhulcs:
the sample proportion p, and the sampling distribution of sampk: P“‘P“md‘:(
is approximated by the normal distribution (provided that the ﬂppm.\lmln;w
satistied). (The requirements np > 5 and ng 2 5 are both satisfied W=
p=025and ¢ =0.75)

Step 6. Test statistic: The test statistic of z = 0.67 is found as follows:
z=P=p __0262-025

v [w2si.7s) O
n 580

For this two-wailed test with the test statistic located to the fght
(because = = 0,67 is positive), the P-value is price the area 10 the 08

of the e
b of i 15
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Using Normal Table A-3, 2= 0.67 has an area of 0.7486 to its lefi, so the
tight ofz=0.671s 1 -0.7486 = 0.2514, which we double to get 0.5028.
pecision Because the P-value of 0.5028 is greater than the significance
wf [E’WI of 005, we fail to reject the null hypothesis.
fation: The methods of hypothesis testing never allow us to support a
of equality, so we cannot conclude that the proportion of peas with
is equal to Ya Here is the comect conclusion: There is not
dence to warrant rejection of the claim that Ya of the offspring

5{3",\'(“}
qatd the

P’
clam

cllow pods

qufficient evi

pess have yellow pods.

mﬂ (One sided test of proportion): A manufacturer of lenses is qualifying
2 oW grinding machine and will qualify the machine if the percentage of
polished lenses that contain surface defects does not exceed 2%. A random
ample of 250 lenses contains six defective lenses. Formulate and lest an
;ppmprialc sct of hypotheses to determine if the machine can be qga]iﬁcd.

Solution: Here, popumtion proportion, p = po = 0.02, where P is_ the maximum
probabihty to say thata machine can be qualified. If this is not truc, then we
can conclude that the machine cannot qualify. And

/

Sample size, 1 = 250, Sample propunionf; =6/250=0.024
p(! - =0.02 (15;)0 02) - 0.0089
n -

Step 1. Nullhypothesis: Ho. p = Po = 0.02. That is, we assume that lhe populal@n
from where the sample is drawn has the maximum proportion defective,
0.02. Or otherwise, we assume the percentage that the quah}fymg’, machine

will contain maximum of polished lenses with surface defects is 2%.

Step 2. Alternative hypothesis: Hy:p > Po Tl}al is the samplﬁ has L‘(;me ’!'romw:
population whose proportion defective is more lhan.O Q_. Or otherwisc, ¢
assume that the new grinding machine will not qualify if the p_erccmagcs;
polished lenscs that contain surface dciecxs exceed the maximum of 2%.

cfore, the pro oscd testis a righl—tai test. ]

Step 31121:'::1 qfsignijgcm‘:cc: Since no specific level of significance (a)is proposcd.

it can be assumed as 5%. When a=5%
or, a =0.05.we have for right—tail test

Step 4. Test statistic: Under Hoz p = Po ,
p-p 0.0254-002 _ 07

2= -pin

Step §. Decision: Since calculated Z-value, i,

Therefore, standard error =

+zq=*2005 = +1.65

-=0.607 is less {han the tabulated Z
= +1.65 the hypothesis is not rejected at 5% level of

significance. Therefore, we conclude that the sample whos¢ pr]o;:it;:w:“x;
60754 (6 defectives out of 250) has come from lhcl:op;a o
p-ro;onion defective 0.02. Therefore, the machinc can besaidtobeq :

value, i.e.. *+ Zoor

70 7188

Critical values for 5% {ri;ll'l'(gn'fy:md (e actal value (Z).
ey PZZH 1.65) = 0.05.
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P-value a .
v \E’I']’]r:lhﬂc(h.. .“I/c car also compare the level of significance ct on the night -
iy p-value, ie., P(Z>0607) = | - P(Z < 0.607) = 02719 (from
rchClﬂ|rhc:::?ml;:zmzgﬁ-j‘).sf}'je]mlv since 0.2719 is more than 0.0, we do not
) % level of sigmficance.
m (One sided test of proportion): A semiconductor manufacturer produces
controllers used in automobile engine applications. The customer does not prefer that
the process fallout or fraction defective at a critical manufacturing greater than or
Cquf\l to 0.05. The semiconductor manufacturer takes a random sample of 200
devices and finds that four of them are dzfective. Can the manufacturer demonstrate
process capability for the customer? Test at 3% level of significance
Solution: Here population proportion, p = g = 0.05. where p is the proportion
defective to say that the manufacturer docs not conform to the required quality.
If this is not true, then we can conclude that the manufacturer conforms to

G 2 X il
quality. Also. sample size, n = 200 and Sample proportion, p =355 = 0.02.

[ = [00501=0.05
L”—EL ——‘2%——1=00154

Step 1. Null hypothesis: Hy: p = po = 0.05. That is we assume that the population
from where the sample is drawn has the proportion defective cqual to 0.05.
Or otherwise, we assume that at this level of proportion defective tlie
manufacturer cannot demonstrate the capability of his product.

Step 2. Alternative hypothesis: Hy:p <o = 0.05. That is. the sample has come from
a population whose proportion defective 1 less than 0.05. Or othenwise, we
assume that the manufacturer can demonsirate process capability of its
product. Therefore, the proposed testis a left-tail test.

Step 3. Level of significance: Level of significance (@) is specified as 5%,. When

a=5% or 0.05, we have for lefi-tail test Zq = Zans = —1.05.

Step 4. Test statistic: Under Ho:p =10

Therefore. standard crror =

p-r 0.02-0.05

= s e =108

‘fl’(l —pyn 0.0154

Step 5. Decision: Since the calculated Z volue, ic, = = ~1.95 is less than the

(abulated Z values, ic., + Zgp = _1.65, the hypothesis is rejected at 5%.
Thercfore, we conclude that the manufacturer is capable of meeting the
requircment of the customer that the proportion defective should not exceed
0.05 and hence he can demonstrate the process capatility for the customer.

aalam
Critical Values for 5% (left tailt and the actual vahee (2). e g PZ<=165)=0 08
P-value approach:
We can also compare the level of significance a on the right tail with the p-
value, i.c., P(Z <-195) = 0.0256 (from standara normal table A-3). llere,
since 0.0256 is less than 0.05 we reject the null hypothesis at 5% level of

significance.
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M (A siune test of proportion of iransceivers:- ulu:mlujch Zg}nponenls of
Transceivers provide wircless communication among cln.c(lron‘CSI Bl
consumer products. Responding 1o a need for a fast, [U“'_‘O'\f fer level. In one set
capable transeeivers, engineers developed a product test at the wa t(_ sinssed. Tesl
Of trails with 60 devices selected from different wafer lots, 4-8 dc‘li]taﬂp;| the 0.95
the null hypothesis p = 0.70 apainst the altemative hypothesis p > 0.

level of significance.

Solution:

Step L. Nwll hypothesis Hy: p=070

Alternative hyputhesis 1y; p>0.70
Step 2. Level of significance:  a=0.05
Step 3. Test statistic: Under Hyp=py
o = p__x—np 48 - 600.70)

o0 \npol-pa) NOUUT0N030)
n

Step 4. Critical values = 0.95,z,= =295 = 1.645
Step 5. Decision: Since z= 16915 greater than 1.645, we reject the null hypothesis at
level 0.05. In other words, there is sufficient evidence l‘o conclude that the
proportion of good transceivers that would be produced is greater than 0.70.
The P-value, P(Z > 1.69) = 0 455, somewhat strengthens this conclusion.
LRE (A one sided test concerning u population proportion p): In a sudy
designed to Investizate whether certain detonator used with explosivg in coal
mining meet the requirement that av least 90% will ignite the explosive when
charged. 1t is found that 174 ow of 200 detonator function properly. Test the null'
hypothesis p = 0.90 against the alternative hypothesis p < 0.90 at the 0.05 level of

signiticance, \TU, BIE 2068 Jestha)
Solution: Data given: v = number of success = 174, n =200,
Step L. Null hyporhesis: Hy: p=0.90 p=pu)

Alternative hypothesis: #,: P <090 (left tailed test)
Step 2. Level of significance: =005
Step 3. Critical value: At ce= 5% =005,z,=-1.645
Criterion: Reject 1 if Z < 1,645

___X—up,
where = = =

Vapu(l - p,)
4 - 200009
Step 4. Test statistic: == 74 -2000090) =

RV

Step S. Decivion: Since = > e+ the null hypothesis H, cannot be rejected, In other

words there is no sufficient evidence 1o say that the given kind of detonator
fails to meet the required standard.
(Two sided fes1): In a sample of 1000 people in Kathmandy district, 540
speak Nepali and rest speak Newari. Can we assume that hoth languages are equally
popular in this district at 1% and $% level of significance?
Solution : Date given: n = 1000 (samples size),
¥ = Number of people who speak Nepali = 540

3 R ]
Step 1. Null hypothesis Hyp= 3 (both are equally popular)

|

Alernative hypothesiy Uipes
2
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B i
Toest statistic: Under H, statistic

540 1000(%)
Xz

= — f—_l__l=2'53
4 ﬂle —[»'u) 1(1)0(.2.)([ ~i)

ision: Significance or critical value of Zat (% jey, -

Step 3. Dem;mlz..sségnsligzc the computed value of Z ig i; ri‘gﬂlﬁ%h:‘
Zm;' =< Zq) 50 we accept H, Hence we conclude bop 1., ey
popular. Again, at @ = :.. =005 level zgp= 2, . 1.96. Sinc,z):&aqu
reject Hy. Hence at @=5% level of both Ianguf:g:s are not eqyy) '—Iw,

(One sided test): Ifl\f“!(: ::c:mar::‘f:‘li Tﬂi:yi‘fnﬁ :om
; ; product has de st ca

inl:?ducgozkoi\faﬂ:c;:n[;1hing greater than 10% will result in o

10% to bre: 400 potential customers are asked whether or nol they woyyg, ¥

Ina su:\"‘);'sz people respond affirmatively, is this enough evidence 1:\:?:'

produ:n- 10 conclude that the product will produce a profit? (Use a=0g5 s

ETIT::[:im{: Data given: Population proportion p = 10%=0.10,

) Sample size n =400

Step2.

DANY oty
pture 3 mamad;;il 1
Profit for e -

LA X
No. of successes x = 52, sample proportion p =>=01

. :p=0.10
1. Null hypothesis Hyp . ‘
el Alternative Hypothesis: p>0.10.  (Right tailed test)
Step 2. Level of significance: At @= 0.05
Step 3. Test statistic: Under #,,
p=p ___X-np 52 - 400 % 0.10

= = =2
o ,\/LTQ T =po) ~ 400 = 0.10)050]

n
Stepd. At a=0.05,z,=1.645 )
Step 5. Decision: As z=2 > 1.645, reject .
There is enough evidence 10 allow us to conclude that the prodses
contribute a profit to the company.

i
i
|
'
I

R
0 1648 200

(A one-sided test of the proportion of transceivers): Tmﬁ;
provide wireless communication among electronic components °“°m::£d,
Responding 10 a need for a fast, low-cost test of Bluexoolh-ca'pﬂhwim
engineers developed a product test at the wafer level. In one set of tials thess !
selected from different wafer lots, 48 devices passed. Test the null h)‘pﬂe'
against the altemative hypothesis p > 0.70 at the 0.95 level of significan
Solution:
Step 1. Null hypothesis: p=0.70

Alternative hypothesis: p > 0.70.
Step2.  Level of significance: a=0.05
Step 3. Criterion: Reject the null hypothesis if Z > 1.645, where
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7= X—npa
; "]"N“ —r’n)

Calenlations: Substituting x = 48, n = 60, and pg = 0.70 into the formula

sep 4
3P above, we get

48 - 60(0.70)
=169
\J60(0.07) (0.30)
step 5- Decision: Since 2= 1.69 is greater than 1.645, we reject the null hypothesis
at level 0.05. Tn other words, there is sufficient evidence to conclude that ll{c

prepunion of good transccivers that would be produced is greater than 0.70.
The P - value, P(Z > 1.69) = 0.0455, somewhat strengthens this conclusion.

z=

mp A semiconductor firm produces logic devices. The contract with their
customer calls for a fraction defective of no more than 0.05. They wish to test
Iy p=0.05,
Hy: py > 0.05.

A random sample of 200 devices yields six defectives. The test statistic is

X = Hpo 6 —200(0.05)

L -po) 200 (003)(0.95) B

Using @ =005, we find that zq0s = 1.645. and so we cannot reject the null hypothesis

that p = 0.05.

9.3 Test of Hypotheses on Two Proportions

S

Therdarc many real and important situations in which it is nccessary to use

ample data to compare two population proportions. In fact, a strong argument could
P | pop prop

be made that this scction is onc of the most important sections in the book because
this is where we describe methods for dealing with two sample proportions.
Although this section is based on proportions, we can deal with probebilitics or we

[ot
[

an deal with percentages by using the corresponding decimal equivalents. For
xample. we might want \o determine whether there is a difference between the

percentage of adverse reactions in a placebo group and the percentage of adverse
reactions in a drug treatment group. We can convert the percentages 10 their
corresponding decimal values and proceed to use the methods of this scetion.

When testing a hypothesis made about two population proportions or when

constructing u confidence interval for the difference between 1wo po‘pulalmn
proportions, wW¢ make the following assumptions and use {he following notation.

Assumptions

1. We have proportions from two simple random samples lhnll arc independent,
which mcans that the sample values selected from one population are not related
to or somchow paired or matched with the sample values selected from the other

population. - .
2. For both samples, the conditions np 2 5 and ng 2 5 are satisfied. That1s, there are

at least five successes and five fatlure in cach of the two samplcs.. (1T\ m;\\n;i
cases, we will test the claim that two populations h_ave cqual proportions 5(; :hc
m-rn= 0. Becausc we assume thatpy —p2 = 0, it is not ncccss‘a]r)f :,:S;::,:s .
paticular value that p, and pz have in common. In suc}) cnsles, hl. o
> 5 and ng > 5 can be checked by replacing p with the estin p

proportion Sp. which will be Jescribed later)

Notation for Two Proportions

For population 1 we lct
py = population proportien
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ny = size of the sample
X‘| = number of successes in the sample
p=(the sample proportion); §;=1-p

The corresponding meani e ] P A :

" 4 ings are altached to p, ny, X3, p2 and q; which come from

population 2,

(Finding the Numbers of Successes x; and x3): (The calculations for

hypothesis tests and confidence intervals require that we have specific values for xy,

ny, X3, and ity . Sometimes the available sample data include {hose specific numbers,
but smm:.\imes it is necessary lo calculate the values of xpand v2)

Consider the statement that “when 734 men were wreated with Viagra, 16% of
them experienced headaches.” and find xy , xo.

Solution: From that statement we can  sce that ny = 734 and py = 0.16, but the
actual number of successes x, is not given. However, from P = xin, we know
that x;= mp; so that x, = (734) (0.16) = 117.44. But you cannot have | 17.44 men
who expericnced headaches, because everyont either  experiences A
headache or not, and the number of successes x; must herefore be a whole
number, We can round 117.44 to 117. We can now use x; = 117 in the
calculations that require its value. IU's really quite simple: 16% of 734 mcans
0.16 x 734, which results in 117.44, which we round 1o 117.

Hypotheses Tests

In previous scction, we discussed tests of hypatheses made about a single
population proportion We will now consider tests of hypotheses made about two
population  proportions, but while testing claims that py = px, W will use the
following pooled (or combined) estimate of the value that pjand p; have in common.
We can see from the form of the pooled estimare  that it basically combines the two
different samples into one big sample.
Pooled Estimate of py and py:

L

The pooled estimate of p, and p, is denoted by pand is given by = %‘L#:
We denote the complement of p by §.s0q =1 -p.
Test Statistic for Two propartions (with He: py = p2)

upeape:!
P I
pq b
moom

where p; —p2 = 0 (assumed in the null hypothesis)
IS A_;‘_:_r-_-" +,\’\'._ IS
pEg and ;= P o 97 1=p.

Testing for Constant Difference:
To test the null hypothesis that the difference between two population
proportions is cqual to a nonzero constant Bg. use the test statistic

- (Py - P2) -8

0, D2
" ny

As long as my and ny are both large, the sampling distribution of the test
statistic Z will be approximately the standard normal distribution.
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Test Statistic for Twa_proportions (with FHy: P1#D2)

P l/} = énl =5

!‘V I'z + l)\;lw
noom
where py - py = §, (assumed in the null hypothesis)
AN ca F o
p.—-nl andp,—nz. g=1-p.

9.3.1 Large sample test significance of difference of fwo proportions
If there are independent populations with proportions p, and p,, we follow the
tollowing procedure for testing the significance of differcnce between the two
population proportions.
Step 1. Set up hypothesis
For equality of proportions Py =Py (e, Py =Py = 8= 0)
Nudl hypothesis: Hy: P, = p,1e. two independent population
proportions are same.
Alternative hypothesiv: H,: 2y #py (Two railed tesr)
or. Hyp > p, (Right tailed test)
or, Iy1p <p, (Left tailed test)
For incquality of propartions p, « p, i e p, = p,= 8o+ 0)
Null hypothesis: Hy: pi=p,=&
Alrernative hypothesis: H,: P, =P, = &(Two tailed 1es1)
or, /f;: ”py> 8 (Right tailed tesry
or. Hy:p, = p, <8 (Left ttled tesr)
Step 2. Level of siguificance (&): Choose a appropriate level of significance, The
tmost commonly used 1s @ = 5% unless otherwise stated.
Step 3. Test statistic: Under Hy: py = py, the test statistic is
Z=_@1‘ﬁ“—(l)1—l’*\ _ (P =)

A aof 1 1) N
\/P(] -p (”|+"!) pq(”l +“1)

Under Hy: p, - py= 8, the test statistic is

7 Gy-p) -8,

[ Hy:pi=p]

A A
! gy
[ l+!1£1
ny m

a A i "
where p, =;:‘ = sumple proportion of the first population.
P : y
£ == sample proportion of the second population
1y = sample size taken from first population
ny = sample size taken from sccond population
If j the commion proportion is not known, we estimate p as follows

npy g oyt

7= =
ny Ty nt
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heses Tesr Concerning Proportion (Attribuie)
Hypothese

1 value: ObRID critical or tabulated value of test statistic 7

itical vaiue: g’

REmC at leve! of significance ().

> - for one tailed test or, | Z] > z4a for twa tailey e
Za ;

Necision® lf]Z|
Step 5. Decisio then reject Ho and accept H,.

If|Z| £ za for one tailed test or, |Z] € 24 for two tailed test,
then accept Ho and reject H,.
Summary of Decision Ru!e fnr_l—lcs;‘ T
"Critical Regions fancsnan—»p(]( arge samp
. Reject Hyif
Z<—zie.||>z24

Alternative hy othesis

2 < pPo Z =~

I,>p0 Z>z, 1e,|2]>24

J Z<zp0tZ>z40i0.\Z|>z,,
2 # o

RcmaTrka <t the null hypothesis that the difference between the two populy
1. Tote

rtions equals some constant. So, not necessarily 0, we can use the striy
proport

Dy =) =&
z-—H=LE=S

=

SUM
U L0
n "y

2. The (I-@) 100% Large sample confidence interval for estimating |

difference of two proportions () — p2) is
AA AR
g
)
"y m

If_m\ BN
" n n n
+
n n

ClI for(p-p2) = [(ﬁ. &

iy X2
e Tz
ny, m

(2 e] JATRRE (Racial Profiling): For the sample data lxs}cd in following table, us
0.05 significance level to test the claim that the proportion of black drivers siop

by the police is ureater than the proportion of white drivers who are stopped.
Black White Drivers
ny =200 ny = 1400
=24 n=_147
Aoad_ 23 18 T
Pr= o, =200 = 0120 p=y =140 =010

Solution: (IWe will now use the P-value method of hypothesis testing)
The claim of a greater rate for black drivers can be represented by 1> P2
1l p, > py is false, then nEp. )
Because our claim of py> py does not contain cquality. it b“'m"‘:l
altemative hypothesis. Then null hypothesis is the stateme
equality, so we have

Step 1.
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“,"”/,Wmha\'is ) Hy: py=p,
A,,,,,,a/ivc hypothesis Hy: F1_>Pz (original claim)
Ln-e!ofn’gniﬁcancc:‘ The significance level is @ = 0,05
4} Fot satistic: We will use normal distribution (with the test staisei
ot ,eviously given) as an approximation 10 the binomial i 'bs .slatlsttc
have 1WO independent samples, and the conditions np >5 anrdl un(;n_ We
satisfied for each of the two samiples. To check this, we n”(q _h5 are
conducting (hi¢ Icst.Awe assume that py = py, where their comm‘;ncx"ﬂm s
the pooled estimate p calculated as shown below with extra decim 1[ llle IS.
psed to minimize rounding errors in later calculations. ' al places
A X +x; —i‘iﬂ
P= m+ ”2' 200 + 140(): 0.106875

We j=0.106875, it follows that 7 = 1-0.106875 = 0.893125,
We verify (hal np 2 5 and nq 2 5 for both samples as shown below, with p
estimated by p and with g estimated by §

Sample 2
mp= (200)(0.106875) =21.37525 nmp =(1400¥0.106875)
=149625215
ng =(200)(0.863 125)=178.62525 n,q = (1400)(0.893125)
=1250.37525

step 6. We cag now find the value of the test statistic

"

(hp-(p=pd) __ GioB) g4

pa A.‘)
S e TR R T e
p(1=-p) nl+n1> rq m +n~)

The P-value of 0.2611 is found as follows: This is a right-tailed test, so the
P-value is the area to the right of the test statistic z = 0.64. (See Figure)
Refer to Table A-3 and find that the area to the left of the test stalistic z =
0.64 is 0.7389, so the P-value is 1 -0.7389 = 0.2611. The test statistic and
P-value are shown in Figure.
Step 7: Because the P-value of 0.2611 is greater than the significance level
of a= 0.05, we fail to reject the null hypothesis of py = pz-

P.value = 0251

P—p=0 7= 1645
o

=0 [t statisne
=04

&y Tradtionul Method

st address the original claim that black.drivcrs get stopped al:
a preater rate (han white drivers. Because we fail fo lreje‘cll‘ch:lrllcccnuto
hypothesis, we conclude that there 18 not sufficicn dcb1 e
support  the claim that the proponion of black drivers s_toppc . y ‘:hc pikd
greater than that for white drivers. (Sce F}gurc for‘ help in wor (;n(g L
conclusion.) This does not mean that racial profiling has been disp g

Tast statistic’
=064

(c)  P-Molur Mathod

Interpretation: We mu

ANn0

Scanned by CamScanner

e e e ]

S Fpd e

LAk

”l[!nlh!u't Test Concerning "roportion (Attribute
est C
erning Prop (An )

mea:s only that the evidence
12.0% rate for stopping
10.5% rate for

b]ac;\lsdnm vet §1rnlwg enough 10 conclude that the
F e v]rl\cvs‘ 15 significantly preater than the
il oo d‘l rping white drivers. The evidence might be strong
e ata Ig fact, data sets larger than those used in this
p geest that racial profiling has heen in effect
g Raci ing: 7 i
sampler e (i\'fr:“’_ Pfﬂﬁ/l"llr'.- Two Sided Confidence Intervaly. Usc  the
Pl cqimmf ; ' in Table of previous cxample to construct a 90% confidence
e .(d of the difference  between the (wo  population  proportions.
et (;ln idence .lcch‘ of 90% is comparable to the significance level of a @ =0.03
: ed in the preceding right-tailed hypothesis test.)
. " v K
R nlulmn.“\\ itha 90% confidence level, z, »= 1.645, a90% confidence interval
. , ) -t i e
imate of the difference  hetween the two  population proportions is

X

C.lL for(py-pa)=

_ . [0 120(1=0_120) _ (1.105)(1=0.105)
=10,120~ -4
120-0.105% 1,645 200 * 1400

or, =0.025 < p) - py<0.035

9 2 4
where py =;T;]l‘=j—?a =0.120 and =‘:—l§=%= 0.105.

Interpretation: The confidence interval limits do contain 0, suggesting that there is
not a significant diffcrence between the two proportions. However. if the poal s
to test for equality of the two population proportions, we should use P-value or
traditional methad of hypothesis tesiing: we should not base the decision on the
confidence interval.

Random samples of 400 male workers and 600 female workers werc

asked about their opinion of a projeet propesal on quality improvement. 200 male

workers and 325 female workers were in favor of the proposal. Test the hypothesis
that proportions of men and women in favor of proposal are same at 5% level of
significance. \TU RE, 2065 Chaitea]

Solution: Itis given that sample sizes n, = 400 and r, = 600 (large samples);

= Number of male workers favoring proposal =200 and

= Number of female workers favoring proposal = 325.
Therefore, sample proportions arc obtained as

p, = The proportion of men favoring the proposal = 2001400 = 0.3

fr, = The proportion of women favoring the proposal = 325/600 = 0.541

It may be noted that these samples are drawn independently from the same
organization, and hence we can pool to get an cstimate of the overall populition
proportion. sy p. That is, the overall opinion favoring the proposal when both men
and women are put together. Therefore, we have

o lv|ﬁ]+111ﬁ._ Nty _2(10+ ]25_0 25

P=T gy mtmy 400+ 600 =032

Step 1. Null hypothesis Ho: py = Py This mcans the proportion of men favoring

the proposal and the proportion of women favoring the proposal are

assumed cqual.
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Alternative fypothesis: H,; £\# p,. This implies that the opinions of men
r:mg(: *omen workers on the proposal are not same. Therefore, it is a two tail
est.

Step2. Leyer of significance : Since level of significance () is specified as 5%,
we have from standard normal table when a = 5% = 0.05, we have for left
il - 2y = — 2, = 1,96 and for right tail + 2, = + 2y, =+ 1.96 iie., for

s both tail z,,, = | 96.

Step3.  Tes statistic: Under H, Pi=p

el -pp) 0.5-0541) -0

THEY Y T 1
PU=p) E*E) \/(0.525) (1 -(0.525) (m+m)

=004
T 0.0323 =-1.269

Zeanm 196
EER BN

Critical values for 5% (1 o-tail). and the acwal value (=) ic., (Z < -1 .269)=0.1022
Step 4. Decision: Since the calculated Z value, i.e., z = -1.269 is greater than the
tabulated Z valye, jc. Zuozs = —=1.96, at left tail, the hypothesis is not rejected
at 5%. Therefore, we conclude that the proportions of opinions of men and
women in favor of the project proposal are same.
P-value approach
~ We can also compare the level of significance a on the right tail with the p-value,
e, P(Z<-1.269) =0.1022 (from standard normal rable A-3). Here, since 0.1022 is
greater than 0.025, we do not reject the null hypothesis at 5% level of significance.
From a lot of units produced by Machine A, a sample of 500 is drawn
and tested for a quality characteristic. It is found that 16 units are not meeting the
specification. Another sample of size 100 is drawn from the lot of similar units
produced by Machine B and tested. In this case, only 3 units are found to be not
meeting the specification. Test at 1% level of significance, whether there are in any
significant difference of the proportions of defective units produced by the two
machines,
Solution: It is given that sample size n, = 500 and n,= 100 (large samples);
x¥=16andy = 3. Therefore, sample proportions are obtained as
B=The proportion of defectives produced by 4 = 16/500 = 0.032
£2="The proportion of defectives produced by 8 = 3/100 = 0.030
It may be noted that these samples are from different populations (machines) so
that we cannot pool the samiple proportions and hence 5, and B, are used as estimated
for the unknown population proportions p, and p,.
Step 1. Null hypothesis: 11,; P, = p,. This means that the unknown populations
related to the two machines are assumed equal.
Step 2. Alternative lypethesis: 1y p, # p,. This implies that the population
proportions arc not equal,
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3. Level of significance: Since level of significance (@) is Speciieg
Step 3. we have from standard normal table A-3, when = 19 < Om‘wehds Iy
=-2.58 and for right tail +7,, = 45, w= 4255 e fy

11 =22 = —Zaoos
left tail —Za2 B

it is a two—lailed. _ ‘ L
Test statistic: Under Hq: p; = p,, test statistic is

Step 4. i -toop) 0032(((:.03553(;030)_0
- 20— 0 1066
Step 5. Decision: Since the ca]culatidZ‘Zs-sv‘allie-ngi;-l;:m%ls:sm:csli:ssisn:[ :J

tabulated Z-value i.c. +Zms I, the by
rejected at 1%. Therefore, we conclude that there is no SIgmﬁcamdiﬁm

between the two population proportions of two machines,

_value approach: - : - '
{:'g‘:aln als‘l:lzompme the level of significance a on the right tail with e Pyl
e P(Z>0.1064) = I - P(Z < 0.1064) = 0.4576 (rrm_n standard nommal 13b A3
;—firc s;xlcc 0.4576 is greater than 0.005, we do not reject the null hypothesis o

level of significance.

Zoan = 23K -

._, =251

=0 Ded
Critical values for 1% (two tail), and the actual value (2). eg. P(Z 20.1064)= 0457
| A study shows that 16 of 200 tractors produced on one assembly fix
required extensive adjustments before they could be shippgd, while the same wa
true for 14 of 400 tractors produced on another assembly line. At lhe. 0.01 kevelo
significance, does this support the claim that the sccond production lne di

superior work?

Solution :

Step 1. Null hypothesis: p;= p,
Alternative hypothesis: p, > p,

Step 2. Level of significance: a=0.01

Step 3. Criterion:Reject the null hypothesis if Z > 2.33.

Step 4. Test Statistic: Substituting x, = 16, n, = 200, x, = 14, n, =400, and
p= ﬁa= 0.05 [ two samples are from same population]

into the formula for Z, we get

il6) Sl
e pL=P; 200 ~ 400 -2 %

et  Pio Pyt
s .l I 12
L-p)(—+— .05)(0.95) ( 507+

\/p( P (m*n,) \/ (0.05)(0 )(zoo 400) s

Step 5. Decision: Since = = 2.38 exceeds 2.33, the null hypothesis et
rejected; we conclude that the true propotion of tractors

-411-




probability and Statistics For Engineers

extensive adjustments is greater for first assembl
3 ass y line tha cope
The P-value IS 0.0087 as shown in figure, Aolarifcrsexgal)

000s7

= t t T —
The P-value 0.0087
" (A large sample confidence interval for the differcnce X
l,mpnninnx). With reference to the preceding example, find the large :{ r“I(z
95% confidence interval for p, — p,. ‘ e
Solution: Large somple confidence interval for the difference of nwo proportions

:‘-L(, N\ R,k
m m 5N m "
1

NP O no X U
Smcep.—”l—:o0 =0.08 andpz=;':=m=0.035

_p)=
’C.l. for (p\— p2) i "zilu'z n;

a2 2
"y

_ (0.08)(0.92) (0.035)(0.0965)

=0.08 - 0.035£1.96\ } 00 =10

0.03 <p,-p:<0.087

a rate of extensive adj
¢ for the second assembly line.
lc distributing firm would like to know the
\han 60 days past due. The owner
mained stable at 15%. A random
more than 60 days
¢ than 60 days

or,
The first assembly linc has

of 1,000, higher than the rat

p The owner of a wholesa
proportion of accounts receivable that are more

s that in the past the proportion has r¢
able revealed that 44 were

ere cvidence that are mor!

ustment between 3 and 87 out

cstimate!
sample of 200 current accounts receiv

past due using 0.05 level of significance is th

past due has changed?

Solution: Data givenp = 15%=0.15(=pa) 4=
x=44,n=200

Step 1. Null hypothesis: Ho:

L-p=1-015=085(=40)

0.15. That is the proportion of accounts receivable

lhat are more than 60 days past due has remained stable at 15%.
Alternative hypothesis: Hy: p#0.15 (two tailed test). That is the
proportion of accounts receivable more than 60 days past due has

not remained stable at 15%.
Level nfsigniﬁmnce: a=5%
l 44-200%0.15

Step 2.
of statistic: 2 = XM R
Step3.  Test SORSHE = (1 - po) 200 % 0157085 > ’
Step 4. Critical value : The tabulated value of Zat 3% level of significance 1 1.96
ie.zg=196. o '

Step 5. Decision: Since |z| >z it is significant and Hp1s rejected. Hlence Iy is

§ means that there is evidence that the proportion of
due has changed:

accepted which

accounts receival 60 days past

ble that are more than
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Hypotheses Test Concerning Proportion (Attribute)

%ZT(}IHWIM Cnmlan( Differencei.c,p # prorp) - p: =82 0)
- n[uractunng firm claims that its brand A of the cigarettes out sells its
it f) 0. 1 it is found that 42 out of 2 sample 200 smakers prefer brand 4 and
of another random sample of 100 smokers prefer brand B, test whether the
stated 8% difference is a valid claim. Use S% level of significance '

Solution : Following data are given: R
m =200, 1y =100, x, =42, 1,= 18
The propartion of smokers preferring A, py=42100=0.21

The pmpnninn of smokers preferring 8. py=18/100=0.18

Step 1. Aull hypothesis: o py=p: = 87 =008
) Alternative hypothesis: Hy:py=p22 8% (Right tailed test)
Step 2. Level of significance: = 5% = 0.05.50,27= 2 = 2.58
Step 3. Test statistic: Under Hu: py=p1= 008

N (py=p) =l =p2) n21-018-008

R —— — = _],042

=) ) =) 02N0.79) _ (0.18)082)
m o 200 100

Stepd.  Decision: Since [o < zen accept Hy and reject Ay Hence stated 8%

difference is not a valid claim.
(Adverse Drug Reactions) - The drug Viagra has become quite well
known, and it has had a <ubstantial cconomic impact on its producer. Pfizer
Pharmaceuticals. In prelimimary tests for adverse reactions, it was found that when
734 men were treated with Viagra, 16% of them experienced headaches. (There's
some real irony there.) Among 725 men in a placcbo group. 4% experienced
headaches (based on data from Pfizer Pharmaccuticals).

(a) Using a 0.01 significance level. is there sufficient evidence 1
{hat among thosc men who take Viagra, headaches occur al a rate
for those who do not take Viagra?
dence interval estimate of the difterence between the
users and the headache rate for thosc who are
| suggest about the two

o support the
claim that
is greater than the rate f
Construct a 99% confi
rate of headaches among Viagra
given a placebo. What docs the confidence nterva

Q)

rates?
(¢) Use 2005 significance
users is 10 perecntage points more {
a placebo.
Solution: Similar to previous example.

9.4 Chi- Square () Test

9.4.1 Introduction

The tests of significance like Z-
ample are drawn i
distributed populations arc known as p
pon parametric test because it depends only on
the set of observed and expected frequencics and degrees of frecdom. Since 7 test
does not make any assumption about population paramelers, it is also called a
distribution free test. This test describes the magnitude of difference between
obscrved frequencics and expected (theoretical) frequencies under  certain

assumptions.

Jevel to test the claim that the headache rate of Viagra
han the percentage for thase w ho are given

test, 1- test and F- test which are based on the

assumption that the s om normally distributed populations or
approximately normally arametric (esfs.

xz- test (pmnuunccd as i) is a
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g 0-£7
Itisdefinedas y*= L—El

where O = observed frequencics
E = expected frequencies,

This test 15 good for nominal or ordinal scale of measurement. Nomingl scale of
measurement deals with the data which can be classified only into categorics such asi
male and female, boy and girl, head and tail, juniors and seniors ctc. whereas ording

level of measurement assigns different ranks 1o above categorized data.
Definition: (Chi-square Distribution)

The square of standard normal variate is known as chi
degree of freedom,

Rl & A 2 :
Thatis, if 2= '-\'-'c;ﬂ- N(0,1) then Z° = (\—;"I) is called a chi-square variate

with | degree of freedom.

In general, if X, Xy, ..., Xyare v independent nonnal variates with means ft,

Hy .., Mpand variances o, 6L, . . ., o then
5 SETANA (A A= Y
=3 l(L_J_‘s) =(XL_£L) o +(_Y.L_Lz
LR [ef a 0,

Follows - distributicn with v degrees of freedom.

The probability density function of chi-squarc distribution with v degree of

frecdom 15 given by
9.4.2 Properties of Chi-Square distribution

1. Sincey® is sum of squares, %2~ distribution assumes non-negative values.

is 1< oo
Tharis, 0 Sy <o, PO

(l-a
Acceplance region

Rejection region

Criucal value

6)!0!)101550))&0‘45“’

Figure: Chu-Square Distribution for 1, 10. and 20 Degrees of Freedom
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Hypothese? Tt

1 4istribution will be zero if difference of cach pair is zero,
L, dl,stln-bmion is always pusi_nveiy skewed.
.h- d1_ss l;m_crcm - dismbuno? ﬁr)]r ea_«:l‘\1 :‘:mbdcrspdf de%re;s of freedy
There 1 ) test of the ng and side of the gt
It is pased on one tailed andand i
?IW;E distribution with v deprees of freedom (df) mean = 2y, o
ory — i
mede =V -2 -
ditions for the validity of X 'tes!
9.4.3. CO‘::S' is used under the following assumptions;
e |c observauons should be independent.
1. Samplc ved frequency should be cqual to the expected frequency,
2. The ?ﬁ:clrfrcqu"“cy should be reasonably large, say, greater than S,
0 i
3. I}hclhcumical frequency shmn!d be less than 5. '
il theoretical frequency 15 less than 5, then for the applications
If any oled with the preceding or succeeding frequency 5o

1

ol

& Wi

of ¢hi.

. that (g,
;%T::ngfsrl:u:?nsy is more than 5 and adjusted the degree of fr.:c;g\_;
accordingly- ) . ‘

944ApmknﬁmuOfChkﬂperdemUUml

The 7Cz _ distribution has a large number of applications in statistics some of e

jcation are,
ap:).hC'?o test ‘goodness of fit'. . ‘

2, Totest independence (_Jraunbuxcs.
3. Totest population variance.
reneily.
% T(; [t::; :‘.hct:l‘ﬁiﬂsibc;:s ozly ‘goodness of fit and independence of attributes.
9.5 % -testfor Goodness-of-Fit : ' -

If we are given a set of observed frequencics oblained under some experimen
and we are interested in knowing hether ‘1“13 expenimental resulls supporta paricyly
theory or hypothesis, then test is said to be 3 - test for goodness of fit which describey
the magnitude of the discrepancy berween experimental values (ubscrfvcd values) and
the theoretical values (expected valucs) under some lhc‘orylor hypmhc,.s

The main objetive is to determine whether the distribution agrees with or *fi*
some claimed distnbution. 1f the observed values are close 10 the expected valus
under a hypothesis, the fit is said to be good. If, hovycvcr. the difference between the
two set of figures are found to be significant, the fit is not good.

Hence. ’-test for goodness of fit is uscd to test whether there is a significant
difference between an observed frequency distribution and a theoretical {expected)
frequency distribution. Because we test for how well an observed frequeny
Jistribution fits some specified theontical distribution, this method is often calleda
goodness-of -fit test.

Assumptions
1.The data have been randomly selected.
2.The sample data consist of frequency counts for each of the different categories
3.For each category, the expected frequency is at least 5. (The expected ﬁcqum_cf
for a category is the frequency that would occur if the data actually have 1t
distribution that is being claimed. There is no requirement that the ebserved
frequency for each category must be at least 5.)
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yebaos odness-of-fit test is u:

fnition: A go is used 10 test the hypothesi

n sis that an observ

C ed

ﬁu’cny distribution fits (or conforms to) some claimed distributi
on.

Test statistic for Goodqess-of-Fit Test.
2 O-E)
£=5 .(.._E@.

0 = Observed frequency of an cutcome
E = Expected frequency (ot theoretiy /
) coretical fre B
B s ofishain frequency) of an outcome.

where

Critial values
1. Critical values are found in table by using n—1 degrees of freedom

2 Goodness-of-fif hypothesis tests arc always right -tailed.

9.5.1 The steps for testing yl-test for goodness-of-fit

The steps for testing )l_l-lcsl for goodnes-of-fit arc as follows:
Step 1. Null II:)T'GUII'SIS: Hy: There is no significant differcnce between observed
(experimental) and the expected (theoretical) frequencies. In other words,

the given data supports the theory (hypothesis).
Alternative hypothesis: H = There is significant difference between

observed and the expecte ¢ words, the given data does
not support the theory.
Step T. Test statistic: Updcr H,: The test statistic is
o=
A
x =Z E
15 32 - distribution with (1=

d frequencics. In othe

It follow 1) degree of freedom.

Where,
Q = Observed frequency of an outcome.
E = Expected frequency (or theoretical frequency
which can be obtained under some theory of hypothesis.

Find the tabulated values (critical values) of x* for (7 - 1)

) of an outcome

Step 3- Critical valve:
dfat a level of significance (usually 5% or 1%) -
Step 4. Decision: Make 3 decision by comparing the calculated value of 3* with
(abulatcd values of 2" . o )
If calculated xz < the tabulated £ it is not significant and Ho is accepted.
Otherwisc, it is rejcclcd.
s: .
R hould be carcful to question whether absolutely no difference

Iry’ =0, wes
s between observed and expec

Degree of Freedom .f)

The number of values that can b
y v (nu 4f)

Thus, df=1"~ 1(In gcnera]l)
But, if we ar¢ necded to calcu’a®
the basis of given frequency distributed fo
i sribution, the
cncics of the dlSlﬂbUlIOI’\“( !
:—:_Cj‘; are required 19 fit Binomial and Poisson €%
Jose 1 d.f for applying 7 - tesh, snce for binont

ted frequencies.

is called degree of frecdont. Itis

exist
e chosen freely

distribution on
td (thcorclicul)
¢ estimated.
1 data. We
estimated

ulate the paramcters of a theoretical
c C,‘(I‘IEC

¢ obtaining th
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only one parameter
! or p, 1 being the given i 3 .
. l;ave S ooy pnmm;c,; in the data and for the Poisson distribution
n Binomial distribution oifdi
. if the hy g is pi
IOSE}?"y d [ for applying 1 - test. MBI s R I TR
owever, if we re
y hecau:\crr: If\f ¢ rqumrcd to fit the Normal distribution we lose 2 d/ for applying
/ = .e[: ;alml:ﬂmg two parameters j and o from the given data o
us, the degrees of freedom for the ; 2 . test of good i
fl.ﬁ=n— e shene b4 goodness of fit are given by
l) 1 4. lost dug to linear constraint £0 = I = N
i)k is th_c number of parameter computed (if any ) from the g
CSI‘Idelng the expected frequency of the distribution.
jii) k. is the number of df lost due to polling expected frequenci
less than 5. -
9.5.2 Relationships Among the ¥’ Test Statistic,

Goodness-of-Fit

The form of the +* 1est statistic is suc
and cxpected values will lead to a small va
discrepancy between observed and expected val
and a small P-value. The hypothesis tests of this section arc the
1ailed, because the critical value and critical region are focarced al the extreme
{he distribution. These relationships are summarized and ilustrated in Figure.
Once we know how to find the value of the test statistic and the cnnical value,

we can test hypotheses by using the procedure introduced in previous Chapter.

iven data for

s which are
P-Value, and

h that close agrecment benween obscrved
Jucoly® andalarge P-value. A large

wes will lead 1o a large value of
refore always nght-
nght of

Compare th observed O
values to tha corrasponding
espactad £ volues

[ ey et et
Os ord €3 o€
for opert

har s

¥

Oscnd £3

oru clos.
ey £ = ey .
“Sorall x valus, lorge Prvolue ¢! Lorge y* valua smoll Pralue

I’ b
i 2
¢
I
—_— — 5]
2 are : I
FEATTARE T |1r—l‘1 -mvm‘! AFETEETRET !mzv-.-.:unv-.n,
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i ;:«:odm ) i Not o goed 1
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Probability and Stutistics For Engineers

E‘IE‘D.EHE The number of automobile accidents per week in a certain community

were as follows: 12, 8, 20, 2, 14, 10, 15, 6, 9, 4

Are these frequencies in agrcoment with the belief that accident conditions were the

;ﬁr:mrdunng the 10 week periods under considerations? |T.U. 2041 MBA/BIE 2068 Jesthal

olution:

Step 1. Nt hyporhesis t;; The given frequencies are consistent with the belicf
that accident conditions were the same during the 10 week period.
Alternative hypotesis fi: The given frequencies are not consistent with

the belief that accident conditions were the same during the 10 week
period.

2
Step 2. Test statistic: Under Hy_the test stalistic is x* = $O-5 7
where O = observed frequency

0
£ = expected frequency = “n + since the number of accident expected cach week
would be the same.

Calculation of x*

3 y
-3 0-E [(0-k) ©-g'
n £
12 10 2 b 04
8 10 -2 4 04
20 10 10 100 10
2 10 -8 64 6.4
14 10 4 16 1.6
10 10 0 0 0
1s 10 5 25 25
6 10 -3 16 16
9 10 -1 ! 01
4 10 -6 36 36
NO= 3 o i %4
0= 100 LE=100 50 EEl =266

a_ J(O-EY
Calculated §* = ¥ E = 206.6. Degree of freedom=n—~1=10-1=9,

Since @@= 5%, the tabulated * at 5% level if significance for 10 d.f. is 16.5.
That is, x; 5. 0= 16.9
Step 3. Conclusion: Since the calculated % is greater than the tabulated X it s
significant and #, is rejected and hence H) is accepied which means that
accident conditions werce not uniform over the 10 weeks.

mp In a set of random numbers, the digits 0, 1,2, ..., 9 were found to
have the following frequencies

(T.U. 2050 MBA|
[ Dugis - [o J1 2 13 [a [5 Ts [7 T8 T9 ]
[ Frequency [43 [32 |38 |27 [38 [52 |36 [31 139 J2a |

Solution:

Step L. Null hypothesis Hy: The digits are not significantly different from those
expected on the hypothesis of unit form distributions. In other words,
hypothesis of uniform distribution of digits holds good hypothesis.

Step 2. Alternative hypothesis H: The digits are significantly different from those
cxpected on the hypothesis of uniform distribution. In other words,
nypothesis of uniform distribution of digits does not hold good.

-418-
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Y,

(0-EY
- };—~E

o gk 4
Test statistics Under Ho, the test statistic 1s X

20
where, O = observed frequency, E = expected frequency S

Calculation uf);z

[Digits X0 [O-E [(0-8) |0 5
Digits | O = ( ) %‘L
3 : o) 3%
i ;; 36 —4 16 044
: 38 36 2 4 ol
2 27 36 -9 81 225
L 38 36 2 4 o1l
: 52 36 16 256 70
% 36 36 0 0 0
: 3l s -3 25 0.69
; 39 36 3 9 025
g 24 36 =12 144 4
2 SO-B
Y0 = 360 Z£T=I6Jz
3 —ET_
Calculated X~ = > §_£__ =16.32

dom=n-1=10-1=9 :
'll?}fcgrtg;glt;{:icv;’luc of %* at 5% level of significance for 9 d /. is 16,3
That is i’y g = 16.92 e
Step 3. Conclusion: Since calculated \_ralue of x° is lugs than the tabulajed "alq:of
¢ x:z it is not significant and Hy is accepted which means that hypothesis of
/iform distribution of digits holds good. B
p Among 64 offspring's of a certain cross between guinca pigs, 34 wer
red, 10 were black and 20 were white. According to !hc genetic model, these
numbers should be in the ratio 9 : 3 : 4. Are the data consistent with the model at §
percent level? 1T.U. 2048 dpa)
g?el:lil.”;\:’ull hypothesis Hy: The data are consistent with the model. In other words,
the data supports the theory. ) .
Step 2. Alternative hypothesis H,: The data are not consistent with the model. In
other words, the data does not support the theory. o
Step 3. Test statistic: Under H,, the test statistic is xz = Z——t'—
where O = observed frequency £ = expected frequency which is calculated on
the basis of given proportions 9:3 : 4 .
Calculations of y

Pigs| O E O-E [(0-E)'| (O-£F
£
o ) (]
Red | 3 %‘6“36 7
T = 7 033
Black 10 733"64=12 2 -
Whie] 20 | a ] 16
o Tex64=16

IO=64| ZE =64
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, (0~ 21 Neineers
Ca]culaled L=

=144

Degree offreredom=n—1=3-1=2
Tabulated 7_z ke 5.991

. Decisions: Since ca 2

stepd and Hy is accepted l‘f‘u!a‘e X~ is less than the tabulated it .
0 P vhich means that the data are L ts pol significant
model. consistent with the genetic

2_ test for ind ;
9.6 11(1 previous seclioncg':r;gncqpsc - a“rlbutcs
I 4 HIon, sidered calegorical data summarized wi

counts listed in 2 single tow or column. Because the marized with frequancy
column correspond to categories of a single variable (S;:}:IS of the single row or
prcv'nous section are sor'nc(imcs called ane-way frequency !aharsc Collor%._xhc tables in
again consider categorical data summarized with Frcq\]cnc cS‘ .n(lns guam, o
comrespond o two different variables, The tables we coniiydtro‘i: ;‘l'q_bul‘lhAc cells
callcd7 L'onn'ngcn.cy tables, ot two-way frequency tables. > is scction are

% (cstl for lpd6p§n§Cnt of attributes (cbaractcristics) is applicd to test whether
{wo or more altribules arc associated or ot i.v.. whether the attributes are related or
independent. For example, we may want to test whether there is any association
between marriage and failure or association between gender and habits of smoking
cte. For this, information can be summarized and presented in two ways
classification table which is also called contingency table.
Definitions

A contingency table (or two-way frequency table) is a table in which
frequencies correspond to two variables. (One variable is used to categorize Tows.
and a second variable is used to categorize columns.)

The frequency of occurrence of successes and Jailures presented in contingency
{able having r rows and ¢ columns is called r X ¢ contingency table.

Following table which summarizes the fate of the passengers and crcx?' }khcn
the Titanic sank on Monday, April 15.‘ 1912, h{ss two variables: a oW \analb.lc};
which indicatcs whether the person survived or died; and a column vaniable, whic

lists the demographic categorics—men, women, boys, girls-

ften used 10
n which

m_lﬁi-ﬂ’ﬂ-ﬂ-
g are espccially im

portant because hey are OHeH =
right ask subjects one question |
ht ask another question in

of TV remote controls

Contingency table

le, we it
2 ze survey results. For examp®: ,
:l?ca)]'yidcmify their gender (male female). and we migl

frequency of their ust :
s o / vc!rhe Thcqmclhods of this section can then be used 10
s / never).

H !
(often/ spmELTE =, of TV remole controls is indcpendent of gender. (WE

i t - tions of this type ¢ very
determine whethef o that one.) Application
w the answer 10 1120 L ion arc amorg {hose most often used.

kno

robably already s : it
. merous, 50 the me hads presented used to determine whether 8
" N(;\\' S co]umn vurinblc.

contingency 1
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Hl,mlllre c r rlion (Attribute
h s Test Con erning Proportio (A bute)

Definition &
A :
fest of independence tests the null h

tween th
¢ row variab
le and the column variable in a contingency tab}
gency table. (For the

null hypothesi

esis, we will us

i " se the st «

independent.”) atement that “the row and column variable
ables are

" ; :
vpothesis that there is no association be.

It is very inypo ;
refers dcgndc:ccr.mtrv\:tm(hir:ciigmzc that in this context, the word continge
used 1o establish a dirctlcauae.aﬁdi’:‘:'y.a statistical dependence, and it :anngx:l“;i
For example, after analyzing the data uc\Lalh]::k hf‘:“\;cen the two variables in quesiion.

a person survived the sinking of the Titanic : (‘13 c.(;\'e might conclude that whether

a:man. woman;, boy, or girl, but that doesn’t n\gr:r:l cr\t‘on whether that person was

sm“e\‘s;eq causative effect on surviving anthalithe gender age colcgoryihas
en testing ’ o

sariaboe Tnim clonn;;i:;cc:s)lll [l;i{)col:\;csnassr;)lf"::\d:pcndm\cc between the row and column

described in the foll(;wing g . ptions, test statistic, and critical values are

Assumptions:

1. The sample data are randomly selected
£ T il e
e, a ypothesis H is {he statement that the row and
column variables are dependent.

. For every cell in the conlingency lable, the expected frequency £ is at least 5.
(There is no requircment that cvery observed frequency must be at least §. Also.
there is no requircment that the population must have a nomal distribution ot
any other specific distribution.)

Test Statistic for a Test of Independence

Critical values:
1. The critical values are found in Table by using
degrees of freedom = (r=1)(c-1
where r is the number of rows and ¢ is the number of columns.
2. Inatestof independence with a contingency uable, the critical region is located

in the right tail only.
9.6.1 The procedure for testing the independ
presented in r x c contingency table

Step 1. Setting up hypotheses:
Null hypothesis Ho: two aur

ta

ence of two attributes

variables) are

ibutes (two catcgorical
A relationship

independent 1€ there i no
(asmcmmn) between  them.

two atiributes are dependent ie.
association between them.

Alternative hypathesis Hi: there 15
relationship

Test statistics Under Ho, the test statistic is
: §

(0-0
7.1 = Z E
where 0= observed frequency.

&T_;QQI  RT=Row total,

Step 2.

E = expected frequency-

E= ¢T = Column (otal

N =Total sample siz¢ =

grand Total
Special case of r x ¢ contingency table:

2%2 contingency

table

-A21-




[l , " o s b Hypotheses Test Concerning ‘l’.rﬂl'wnian (Amibule)
g e S et e Tnterest in Business Ability in Mathemarcy
! i 8 Administration Low Average High 3
| a+h & 60 15 15 $00g!
! - c+d 3 o 15 45 10 %
! brd [N=a+b+c+d Average s 10 2 0
i The cx;l)\,(:;lcdcl;i:quuncy tor each cell can be obtained as: High 20 70 ;U 4
i Ela) =82 CT _ (a+h) (a+e) ced) (ate) : ( -
‘{ (a) i e - e :L_N_ ; Test whether fhere is any relationship between student frgres b
{ ] v G 5
i Eb) = ((l‘f',llvfb*l/) E) = (c-+d)\g’b+n') ; administration and ability in mathematics. it
! 3 £ ) . 3 lution: . : &
i For 2 x 2 contingency 1able the value of x* is directly calculated by using { g:’cu] Null hypathesis: Ho: there exists no relationship betweey
| foriiiia’ 5% Nad =be)* E P 3 interest in  business  administration and abiliry mmhe;ul
? Z (a+0) (c+d) (a+c) (b+d) 4 Alternative  hypothesis  Hy:  there  exists rclalionshjp bEr:l
| " P o . e . v
- Ste ’ st interest in business administration and ability in ~ ypyp <
| Step 3. Degree of fieedom (df):  v=(r-1)x (c-1), studen e e nalliemyi,
Step 4, poieren =1 x ¢ = total number of frequencics. : Step 2. Test statistic: Under Ho, test statistic is ' = 2 e
tep . Critical value: s eriti e ol i 3 & 2
P si:x\;xciﬂca:]‘c'glgr??-m;])lI(]Z cl]'l)n;a[l (tabulated value) of ? for given level of K RTx CT Row fotal X column total
L - D(e-N)df E= = 7
StepS. Decision: If calculated value of %> is less than or is cqual to : e N \;hf"t torlal’
tabulate value of *, it is not significant and H, is accepted. Otherwise, it is Calculation of .
rejected. 1 o) £ 9-f (0-£) w ]
9.6.2 Relationship amony Key Components in Test of Independence 1 ) (90~ 80/ 200 = 36 24 56 T = 1
As in previous Section, if observed and expected frequencics are close, the *test s (90 x 70)/200=31.5 -16.5 FIPEH T
smnsn_c will be small and l_‘hc P-value will be large. If observed and expected fre- 15 (90 * 50)/ 200 =22.5 -7.5 56.25 75
guencics are far apan. the y* test statistic will be large and the P-value will be small. ] 15 (90 x 80) / 200 = 28 13 169 | fu
These relativnships are summarized and illustrated in Figure ' 45 (70 x 70)/ 200 = 24.5 20.5 420.25 1715
A 0 (70x50)/200= 175 15 5625 B
- Compara the observed O . 4 3 G (30 x 80) /200 = 16 —1] 121 75635
values to the :orrespondmg %,2! : 0 (40 % 70)/200 = 14 -4 16 1143
erpected £ values & 25 (50 * 40)/200 = 10 15 215 3
CRAL R N B2 : . X’ =83.7555 = 84.76
Os and £ Os and £s ore ] Step 4. Level of significance (a): Take & = 5% = 0.05 ,
are close far apart Step 5. Degree of frecdom (df) = (r—1) x (c=1)=2x2=4 :
v ) o ; - v Step 6. Critical value: ¥ (v) = 1,3, (3) = 9.488 ;
Smoll x* value, large P-valua I ~Large §* value, small ?-Vﬂ’“:& Step 7. Decision: Since calculated value of %?= 84.76 > tabulated value of;
I é’ 9.88, so, H, is rejected. Hence we conclude that there exists rthn‘on; 3
?;s- # between student interest in business administration and ability in matemaic
s A ,ﬁ Example-25: )80 groups of 100 people cach were taken for testing the use o
; 4 vaccine 15 persons contracted the discase out of the inoculated persons, whik
y X here & X here E contracted the discase in the other group. Test the efficiency of the vaccine using
B s Lty value. At 5% level for one degree of freedom, the value of i° =3.84.
= 1 Solution: The above data can be amanged in the form 2 x 2 contingency table s
; . N w9 g o 3 follows.
F:rl to rdejecr Reject o ; ) Artack Not attack Totul (RT) A
. ol | il el noerored 15 10-15 =85 | 10 |
) . SRRSO P Rl Not inoculated 25 100-25=75 100 :
Exémplirz: A random sample of 200 students was selected and their grading 3 Toral (CT) 40 160 N=200
22;23 in mathematics and interest in business administration were as given b Step 1. Null hypoiliesis Hy The vaccine is not e flective in curing the QJsuase. - ;
A 17U 2051/ 2065) % Aliernative hypothesis H,: The vaccine 1s effective in curing the diseast 3
st g Step 2. Test statistic: Under H, the test statistic is 3
- g
- -423-
i 3
3
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_EV RT
g ZLQE@_ where £ = ;,Cr
Calculation n[;\rI
E [0-E] (0-£r [ (0-£)E

(160-40) 200 =20 =S 5 |1.25
(]00;([60) /200 = 80 5 25 03125
(10()‘(40) /200 =20 5 25 1.25

100x160) /200 = 80 =5 25 [03128

| 3.125

57
lated12=ZL_E—[:]'=3,l25

Caleu
qupd. Degree of frecdom (df) = (r=-Dx(c-1=(2 1) [2=i)=
step 4 Level of significance (¢t) = 5%
sep S Critical value Tabulated value Y (1)=3.84

Decision: Since calculated %* < tabulated ¥, it is not significant and My is
accepted which means that the vaccine is not effective.

rsample 26:X 0L chi square rest of independence). To determine whether there
rally is a relationship between an employee's performance in the company's training

her ultimate success in the job. the company takes sample of 400
he following table:

Step 6

progrm and his or
cases from its very extensive files and obtans he results shown in t
-~ i 5 o
Performance in training program

Average Above
average

| _wlw

Total

Success in job
{employer’s rating)

Use the 0.01 level of significance to test the null hypothesis that performance in

the training program and success in the job are indcpendent

Solution:

Step 1. Null hypothesis: Performance in training program and success in job
are independent.
Alternative hypothesis. Performance in training program and success in
job are dependent.

Step 2. Level of significance: &= 0.0!

Step 3.  Criterion: reject the null hypothesis if ¥} > 13277, the value of Yoo

for3-1)(3-1)=4 degrees of freedom, where i is given by the formula
2

Calculation: Calculating fir
two cells of the first two rows, we get

112) (60) 112) (188) _
E(23)= e..=9f4)6(%-' = 16.80, E(60)= c.:=1—7)§-l = 5264

(167) (188)
‘610060)=zs.os.5(79)=e:_.- s

Step 4. st the expected cell frequencics for the first

EQR)=¢en= =740
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Hypotheses Test Concerning Proportion (Attribute)

cl y traction, we ﬁlld *quencics e

he L by subtractio ' that the CX]'CCIC(‘ ir q' [ h i

| : ; 1 ‘ | the third cell of
€ hIS.r l\’\O 10\\'5 are 42,56 and 63 46, and those for the third row arc 18.15, 56.87

(23 - 16.80)° = ! ¢
5 0)' |, (60 52.64) +gzo-u.sm

X=T16.80 52.64 4256
. (28 -25.05)° +g79-7a‘aof gso_mam?
25.05 7840 T 6346
(9- 1815} (49-5687 (63~ 598! _
1815 687 T 4598 =120.179

Step 5. Decision: Since 7 = 20.179 cxceeds 13.277. the null hypothesis must be
rejected; we conclude that there is a dependence between 20 employee's
perfoninance in the training program and his or her success in the job
Note: We pursue this example further in order to determine the form of the
dependence.
p (Testing the equality ofthreepmpnrﬁnns using the 2 statistic)
Samples of three kinds of materials, subjected to exireme temperature changes,
produced the results shown in the following table:

Use the 0.05 level of significance 10 test whether, under the stated conditions, the
probability of crumbling is the same for the three kinds of materials.

Solution:
Step 1. ANull hypothesis: PEp=m

Alternative hypothesis: py, P2 and p, arc not all equal.

Step 2. Level of significance: &= 0.05
Step 3.  Criterion: Reject the null hypothesis if x! >5.991. the value of nos
for 3 -1 =2 degrees of frecdom, where ¥ is given by the formula
Wyt
LS E

Step 4. Calculations: The expected frequencies for the first two cells of the first

90x120 90~30
roware € =—;‘06" =36and ¢p ='T:)‘6' =24

and, as it can be shown that the sum of expected frequencics for any row of column
cequals that corresponding observed frequencics, wWe find by subtraction that €43 = 90
—(36+24)=30,and that the cxpected frequencie s for the sccond row arc ex = 12

_ 36 = 84, 3y = 80-24 =56, and ¢y =100-30 =70. Then substituting these values

together with the observed frequencies into the for muta for x°. we get
PRCIE [ Qr-24f @-3F  (9-R (53-36F (08 =101
b} 3 84 s6 70

=" 36 0
=4575
Decision: Sinc
cannot be rejected; in other words,
that, undet the stated conditions, the pro

for the three kinds of material.

mm (Exploring the form of dependence).

i~r

¢ x: = 4575 does not exceed 5.991, the null hypothesis
the JJata do not refute the hypothesis
bability of crumbhing is the same

Step S.
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| . - .
i : Hypotheses Test Concerning Proportion (Attribute)
5 +11.302+36.525 + 117.536 + 1.723 4 ; 4
.‘ Probability and Statistics For Engineers “ ~ 78481+ 252,555+ 3.702 3.260
| With reference to the preceding cxample, find the individual contributions to the chi 3 =507.084 T H;.,]} Ay Reject 27
e ; al A | A i
' g“"“ﬁ statistic. . v "““""‘""“jﬂky il denceg
i Solution: We display the contingency table, but this time we conclude the expected . - e
: frequencies just below the observed frequencies.
] Performance in vawning program
1 Helow Average | dbove Toal b
! average wverage 1
i Success in jub Paor 2 0 25 2 3
' (employer's rating) 1650 €264 4256 &
| Average 0 79 60 167 4
{ 2505 78,49 6346 ”
| ey goud ) 49 03 121 3
1818 S6.47 | 459K - ]
o 0 I 152 4w : o x = 1818
Also, we write the x* statistic a i 3 ot dds o
' s the sum of the contributions. . ISom f ] il
5 i i ple data: H
&‘2:831‘1,02‘)¢4320+0.147¢UOO]+0189+46IJ+IOS9+6300’-‘30‘179 2 ‘%
‘me lhq two displays. it is clear that here is a positive dependence between 1
per!onnupcc i traming and job success. For the three individual eells with the largest 4 Fiaure: Test of Independence for the Titanic Mortality Duta.
c:nmbutmns 10 X, the above average-very good cell frequency is high, whereas the } "
anove average-poar and helow averape- very o ies & - 7
o e ‘.”""_ average- very good cell r’e‘i“e"cf“ Are ]°f”' i ical value is 72 = 7.815 and it is found from Table A-5 by noting thy g
(Titanic Sinking): Refer 10 the Titanic mortality data in Table. We The cnitica . o ber of degrees of frecdom is given by (r- Iy §
will treat the 2223 people aboard the Titanic as a sample. We could take the =0.05 in the right tail and the number d ":" | value are shown in Fig o 1
position that the Titanic data constitute a population and therefore should not be 4 1y =(2-1)(4-1)=3. Thc testistatiztic anc ol Im, ) St ! h ;ﬁum' Becauy
freated as a sample, so that methods of inferential statistics do not apply. Let’s % the test statistic falls within the critical rcglon.v\\cquu;l' c‘nu _~yp0!' esis that
Sl'Pll'ﬂ{C that the data are sample data randonly sclected from the population of all whether a person survived is independent of\_\ hcl‘w:‘l l:_’:;fs“". h, a‘;“"‘n'“""‘“"-
theoretical people who would find themselves in the same conditions. Realistically, 4 boy, or girl. It appears that “l‘““‘ff a person survived the Titanic and whether thay
no other people will actually find themselves in the same conditions, but we will E person is a man, wonan, boy, or girl are dependent variables. .
make that assumption for the purposes of this discussion and analysis. We can then — %
determine whether the observed differences have statistical significance.” Using a

0.05. sxgmﬁc;nce level, test the claim that when the Titanic sank, whether someone
survived or died 1s independent of whether the person is a man, woman, boy, or girl.

Table: Titanic Mortality m

3
:
]
[Men [Women [Boys [Guls_|Toml . . i
; 1

Survived | 332 | 318 | 29 [ 7 | 706 "}fhw“:f“" ool ;
[Died  [1360 | 104 | 35 | 15 Jis17 Lroportion . ) ; bl
Total 1692 | a2 | 64 [ 45 [223 1 1. Write down the steps for testing hypothesis of population proportion for large sumph -
Solution; ¥ size, [TU BE 2068 Bhadrar2068 MughiBach)) 4
3 i : ¢ i igni c v lat i :
Step I:  The null hypothesis H, and altemnative hypothesis H, are as follows: { Eibescqbenie procedunesef; (st gF SEpIlemRy blc;:'c;; ;:;;")ZE :,';J:T,,EL‘:;?; e J%
Hy: Whether a person survived is independent of whether the person is a : Numerical problems 1
i, weman; boy, or giel, ] I. A sample of 600 persons selected at random from a large city gives the resulttha i
1): Surviving the Titanic sinking and being a man, woman, boy, or girl are 4 malcls are 23% I;‘] there reason to doubt the hypothesis that males and females an o
dependent. . equal number in the city? |
Step 2: Thpe significance level is @ = 0.05. Because he d i [Ans:Z= ] |TU, BE, 2065 Chairra (Re) 2
§ sig ¢ 05, Because the ata are in the form of a 4 2. Microsoft estimated last year that 35% of potential software buyers the new }
contingency ta,blc, we use the x* distribution with this test statistic: 3 planning 10 wait to purchase the new operaling system, window panes, uml ot 3

2 Z(O_ E) _(332-537360)° (318 134.022) (29-20.326)? ] upgrade has been released. After an advertising campaign 1o reassure fo public
x £ TTTam360 Y 1p3aen* 20.326 ] ghc"";‘m surveyed 3,000 people and found 950 who were still skeptical p:;):!;?n ‘é
(27-14.291) (1360 - ! (104-28 2 : een decreased 7 TU, BE, 2063 Ashi ;
AT ) '36?”2'2:6640) + 104 - 287 678) 4 3. A manufacture claims that at least 95% of the equipments which he suppled w; i

15 y - B 2 287978 o factory conformed 1o specification. An examination of a ssmple of 209Jp|ms o{

+L ;4;'7?4; (18 - 30.709) 3 :_qmprmcnt revealed that 18 were faulty. Test the claim ar % and 1% kvel ¢

3. 30.709 i ignificance.
¥
426- b2
427
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Probability and Statistics For Engineers

i ns
e claims that only 6% of all lost luggage’s is neve i
,\;“;Ilre 17 out of 200 picces ol}]losl luggage are not found rlfs’:]?l'ld’; }*t:‘xlllnhi;;{llflnm
Snple, 170 g 5 3 en esis
ML % arainst the alternative ypothesis P > (.06 at 5 lev igni
(A;szog;msg; Acﬁgt H(:j] ; he 0.05 level of significance.
ose that 4 out 0 undergraduate enginecring's students stat i
5 5: ﬁ] grﬂd;‘lmd sc?ool. }eslt ‘tjhc hdea!n's claim that 60% of l;éhi;g\ecrir‘;:illlmglg
dents will go on 10 graduated school, using the altermati 3 i
;;ud the level of Slgﬂllﬁcan]ce o =1005. TS
1. Use binomial table to determine the probabilit petting
‘Z{CTCSSCS e o ara oot pi ility of getting "at most 4
Random sample 400 men and 600 women were asked whether they would ik
certain TV program, 200 men and 325 women were in favour of Ith;vyro\;‘ag:al. llil i§
cJaimed that the proportion of men and women in favour of the proposal are same
Can we support the claim at 5% level of significance? . )
[TU, BE 2065 chaitra] [Reject Hy]

y Let
Theoretical Question

\rite application of chi-square distribution.

1.
Numerical problems

Goodness of fit
1. The following tablc lists the (requency

dealership during the past 10 months.

distribulion of cars sold at an auto

Mar | Apr__ | May [Jun [l [4ug_ [Sep [0t
[ 10 J14 |12|13|15[26|2L|

that the number of cars sold

[Carssoid | 23 17 15
Using the 5% significance level, will you conclude
at this dealcrship is the same for cach month?

[Ans: quus.v =16.92, H, is Rejected]
ow the distributor of digits in number chosen at

digits are distributed random! through a telephone

Test the hypothesis that the y 1 el
? ’ [Ans: 70050 =16.92, Hos Rejected]

dircctory.
dependence of attributes k 3
N can you conclude that there is association between the

1. From the following data & ¢
purchase of brand and gcogmphlcal region?

Purchase brand m

Do not purchase brand .
= 4.687, Hais accepted] TV 2061)

Use 5% level of significance, i ; / 2061)
i /i tiveness of inoculation in
2. Do the following data provide evidence of the effectivenes: L

preventing tuberculosis:

N L B B
s significant and Ho

y =736 1t ‘
b ding to gender and nature of work 15 as

A sample of 500 workers of a factory accor
follows:

Scanned by CamScanner
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iy,
ypotheses Test Concerning Proportion (Attribure)

Namre of werk L Gender Total
| Male l Female
Technical [ 200 [ 100 300
Non-technical | S0 | 150 200
[Total [ 250 [ 250 500
Test at 5% level of significance whether exists an relationship between gender
and nature of work. [Ans: x* = 83.33, 11, is rejected] 17U 207

l:m{r'hundrcd employees _of a factory are classified according to their level and
decisions. Do you agrec with the statement that dzcisions very according to level of

employee? [TU 2087]
Decision | Senior officers | Officer ] Junior officer | Total
Quick 60 80 70 210
Slow 40 60 90 190
Total 100 [ 140 160 400

) ) [Ans: “*=8.377, Not significant. accept 1]
Test ofhlhe fidelity and selectivily of 190 digital radio receivers produced the results
shown in the following table:

Fideline
Selectivity Low Average High
Low 6 12 32
Average 33 61 18
High 13 15 0

Use the 0.01 level of significance to test whether there is relationship (dependence)
between fidelity and selectivity. [Ans: x* = 54328, reject Hn)

Additional Excrcise

TIE SAMPLING DISTRIBUTION OF THE SAMPLE
PROPORTION
Confidence Tntervals + Hypothesis Testing
Confidence Intervals

Tn a survey carried out in a large city, 150 houscholds out of a random sample of
250 owned at least one pet. Find approximate 95% confidence limits for the
proportion of households within the city who own at least onc pet.

In a market research survey, 30 people out of a random sample of 100 people
said that they used a particular brand of washing powder. Find 98% confidence
limits for the proportion of people in the arca who use this brand of washing
powder.

A special edition commemorative coin is tossed 500 times, cach toss being
independent of each other, and on 300 occasions the coin lands face up. Find a
95% confidence interval far the probability that the coin lands face up on any
single toss. Explain bricfly how your confidence interval suggests that the coin is
biased.

The manager of a large supermarket wishes
on the customers. On the day that the layout was introduced the first 200
customers in the store were asked whether or not they approved of the new
layout. Comment on the manner in which the sample was choscn, and suggest a
way of obtaining a more suitable sample. Out of a suitably chosen sample of 200
customers, 148 approved of the new layout. Calculate an approximate 95%
confidence interval for the population percentage of customers who approve of

the new layout.

to judge the cffect of a new layout




!
10.  Inun mvestigation inta ownershy

12,

9.

frobubility and Statisiics For Engineers
B

I8 a rundom sanple of 40 adult males, 35 said that they contributed to a personal

pension plan,

i) Caleulate an approximate 95% confidence interval for the population
proportiar, p, of adult males who contribute to a personal pension plan,

i) Estmae the size of sample required 1o produce a 95% confidence interval
of width 01 far p,

O3 random sample of 40
Panty atthe next election
il Caleuine an approximate 9%

Propontian, o, of adulis who wou
elecian

i) Estimate the size of

. ofwidtho-s tor p.

) later emerged that the 200
cantacted by telephone. Explar
the sun ey

0 adults, 250 said that they would vote for the Manic

confidence interval for the population
Id vote for the Manic pany at the next

T sample required to produce a 98% confidence interval

adults who took par in the survey were
n bricfly why this could lead 1o bias within

Ina postal survey of 500 houselolds, 330 suid |

hat they thought they were being
ove

¢ rged for tie public services within their arca

1) Caleulate an approximate 99% confidence interval for the population
Proportion. p. of households who thought they were being overcharged for
pubbe senvices within their area )

) 1) Estmate the e of sample required 1o estimate the value of p 10 within
$9% confidence limits of £ 0.025,

ought that the prapartion of defective items produced by a particular machine

1 0-L.A randam saniple of 100 items js inspected and found to contain 16 defective
items. Does this provide evidence, at the 5% level, that the machine is producing
morte defective items than expected?
A coin is tossed 200 times and 115 heads obtained. Is there evidence, at the 194
evel, that the comn is hiased towards heads?
] P of mobile phones. 100 randomly chosen people
were interviewed and 15 found to own a mobile phone. Using the evidence of this
sample, 12st, at the 10% level of significance, the hy pothesis 1t the proportion of
people owning a mobile phone 15 20% against the alternative hypothesis that the
proportion is less than 20%. {Hint conlinuity correction; represent 15 by 155 10
give the null hypothesis the ereatest chance of being aceepted!)
Alaprevious election, 30% of the electorate voted for the MHT party. Prior to the
next election a telephone survey was conducted to attempt to predict the
forthcoming result. 330 out of 1000 peaple telephoned said that they intended 1o
vote for the MHT party.
(i) The number of people who intend to vote for the MHT pany is modeled by a
binomial distribution. Use @ normal approximation to this binomial distribution
to carry vut a hypothesis test at the 5% significance level 1o test the claim that
support for the MHT panty has changed.  Give suitable null and altemnative
hypotheses and state your conclusion clearly.
(ii) State briefly why this sunvey might not gve
forthcoming result.
In order 10 test whether a particular coin is biased towards heads, it is
tossed 150 times and the number of heads obtained, X, counted.
(i) State suitable null and aliernative hypotheses, involving a probability, for
significance test at the 5% level,
(i) For the test described i (i), find the probubility of making a Type // eror if the
probability of obtaining a head on the coin is in fact 0-55,
Previous experience supgests that support fur the Raidical party is 40% amongst
the local clectorate. A random sample of 200 voters is selected to try and
determine if this support has diminished at all.
(i) State sumable null and altemative hypotheses,

an accurate prediction of the

involving a probability, for

-430-
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Hypotheses Test Concerning Proportion (Attribute)

inificance test at the 2% level. S .

(i) ;”tfr"lhc test described in (i), find lh.e pruba]k;ll:]\y a[f makum aTypeJr enarigy
actual praportion of volers supporting 1h_:: adical paty is 032

The process of manufacturing a certain kind of dinner plate resypys ina

proportion 0.15 of faulty plates. An alteration is made 1o the process which i

intended 1o reduce the proportion nfl’.}u]ly plates N

(i) State suimable null ond altemative hypotheses for a statisticy
effectiveness of the atteration.

(i) In order 10 carry out the test, the qualn_’y control department cq,
of faulty plates in a random sample of 2000 plates. If 260 o fewer faulty pyy,
are found then it will be aceepted that the ulmaunp does resultin 3 Teductyon
the proportion of faulty plalc_s. C‘:\lcuhlc the significance Jevel of this o
using a suitable normal appraximation. .

(iii) Calculate the probability of nmkm_g a Type ll crror in the above test, given "
the alteration results in a decrease In‘lhc proportion of faulty plates 10 0. 13.

15. A die is suspected of bias towards showing more sixes than would be EXpected of
an ordinary die. A test is de _scd 1o test the null hypulhtsmvp = 1/6 wi €16 15 the
probability of the dic showing a six, agumsl_lhc. aliernative 2> 106 The &
involves throwing the dic 120 times and rejecting the null hypothesis if the
number of sixes obtained is m or more. Use a normal approximation to 1he
binomial distribution to find the value of ni for which the pmbabnlily ofmnkingn
Type I error is 0-01. i

3 is testi iples.

:‘ﬁ‘ ni\h‘:«::u 15 tossed 6 times and S heads are ebtained. Test at the 5
whether the coin is biased towards heads.

17, Adie is thrown 9 times and it shows a six on 3 occasions. Is the die biased in
favor of showing a six? Test at the 1% level. )

18.  The probability that a centain type of seed genninates is 0.4, The seeds undergo
new kind of treatment, and when a packet of 10 sceds is tested, § germinate, Js il
evidence. at the 5% level, of a change in the germination rate? {2 = t1ailed test!)

19, Inatestof 10 true—false questions, a student gets 8 correct. The student claims 5!
was not guessing. . . )

(i) State suitable null and allemative hypotheses, involving a probabiliy, f
significance test of this student’s claim. .

(ii) Carmy out the 1est, at the 5% level, stating your conclusion clearly.

(iii) For the test described in (i), find the smallest level of the test which wou
result in the null hypothesis being rejected.

20. A die is suspecicd of bias towards showing more sixes than would be expeéted

an ordinary die. In order 1o test this, it is decided 1o 1hruw‘ the die 12 times. The nu
hypothesis p = 1/6 where p is the probability of the dle‘ showing a six, will t

rejected in favor of the alternative hypothesis p > 1/6 if the number of sixt
ablaincd is 4 or more. Calculate, to 3 decimal places, the probability of making
(i) aTypelemar, (i) aType Ilermorif.in fact, p=1/2

21, An enthusiastic gardencr claimed that she could mever work in the garden at (b
weekend because "1t always rains on Sarday and Sunday when I'm at home ar
it's always fine on weekdays when I'm not!™. She noted the weather for the ne:
month and recorded that, out of 10 wet days, S were either a Saturday or a Sundy
The gardener's claim may be modeled by regarding her observation as a sing
sample from a Bin(10, p) distribution. Given that one would expect two out ¢
every seven wet days 10 be either a Saturday or a Sunday, the null hypothesis, p
2/7 may be tested against the altemative hypothesis, p > 2/7
Carry out a hypothesis test to test her claim at the 5% significance level.

=

| test of ¢

unis the numy

level

(ANSWERS) Where appropriate, answers are given to 3 significant figures.
1. 0539<p<066l. 2)0.193 <p<0.407. 3) 0.557<p <0633, o
4. Sample could yield biased results as peaple might influence cach other in bein
interviewed together. Also the sample will likely contain friends and family etc. 4
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more appropriate sample could be obtained hy

inlervewing, say, every 29
customer. 67.9% <p <§0.1%. ;

5, (00772<p=< (ii) 7 needs to be at least 160
6. () 0569 < p < BSI. (D) 1 nceds 1o be at lewst 226, (i) the sample 1 bseeq
" against those who do nat awn a telephone
7. (i) 0.605 <p <0715, (i1) n needs 1o be at least 2383
" {The answers to questions (8) - (15) assume thay continuity comeclions are made, }
R, Z test = 1.833. Reject Hy there 15 sufficient evidence to suggest that the
" machine is producing too many defective elc
9, Zitest = 2051 Accept Hy, there is insufficient evidence to sugeest that the corr is
" biased towards heads ez,
10, Z test = ~L125. Accept Hy, there is wsufficient evidence to suggest that the
proportion is <20% ctc
11 3 Hyp 03, Zaest = 2036, Reject M ete. (i) The telephone
ed as not all of the electorale will have a telephone -
12 =172,y p 2172 (i) {Accept Haf X <85 beads} P(Type Il o) =0 6536, .
13, X ="the number of voters from the sample of 200 who support the Redical party’
) (i) Ho: p= 04, Hy: p <04, i) {Accept Ha 1f X266}, (i) P(Type 1l
ervor) = 04102, "
14. (i) Hy p)= 0.15, 1y p <0.15. (if) P(Type | eror) = 0.0057 =significance level
0.67%. (iti) P(Type 1l error) = 04868,
=30 sixes o S
’)2 ;\]cccjpol 5.“1: there is insufficicat evidence to suggest that the coin is biased towards
" he % level. —r g
17 rll\.!d'dcsy‘?[;/l:c I?\?rcclvs insufficient evidence to suggest that the dic 1s biased tovards
" showing a six at the 1% Jevel : i
18. izhsrc'ﬁr?'fnim is s:mmn( evidence, at the §% level, to supgest that the
) ¢ hanged. s te §th
‘gcm.“mi‘nlr;-::‘;(}:'a;c>l:?lg, (ii) accept Ha, there is insufficien ‘,.\‘xdu'w:;;:’t. 3 (im;
N (ll) ({"f [lx;sug'x'.csl that the student was doing anything other then guessing,
evel, 4
546875% . TN
" e =0.125, (i) P(Type fl error) = 0. o b 107
?1)' (.I)‘Pg;(p;{“l cl::r? is ?n[surﬁc(icx)n evidence to support the garcener’s claim 210 .
. Ac .
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