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RRELATION AND REGRESSION

PleasengriZ?ntlfegr);:ng lIlJeaming WL
e Followi ' jecti
Study Stun tegy: ing Study Strategy and Leaming Objectives:
1. First is secti ' '
Fir f,orlfsiil:ls section with the limited objective of simply trying to understand
g important key terms and concepts: correlation and regression,

linear c 2 ~
orrel : % - . .
squares f‘ﬂllo.n coefficient, partial and multiple correlation, residuals, least
\) 5 . X
estimation, scatter diagram, dependent and independent variable,

simple regression and multiple regression.
2. Second, try to understand what they accomplisl
develop the ability to calculate or sclect them.

3. Third, learn how to interpret them.
4. Fourth, read the section once again an
You will always enjoy much greatcr success i

are doing. instcad of blindly applying mechanical steps in
that may or may not make any scnse.

Learning Objectives:
Afier careful study of t
1. Calculate corrclation co
2. Use simple linear corTe

engineering and scientific data.

3. Understand how the method of lcast squarcs is used to estimate the parameters

in a linear regression model.
Understand how the method of lcast squarcs extends to

regression models. o - |
5, Analyze residuals to detcrmine if the regression modcl isan a
data or to sce if any underlying assumptions are wolath,
6. Test statistical hypothescs and construct confidence intervals on rcgression
amelers.
, gsoedﬁllepfggrcssion model to n‘mkc a‘prcdiction of a future obscrva.tion‘and
s consrruct an appropriatc prcdlctlop mtcrvgl on the ﬁjmre observation.
g. Use simple transformations to achicve a lincar rcgression model.

ction -
l%:;?g:;g:ntmduccs important methods fo.r m:_xking infcrcmfc§ based on sample
'hat come in pairs. This chapter has the ahjccr{ve of determining whether there
data . <hip between the two variables and, if such a relationship exists, we
is a rela;m”"_ibf it with an equation (hat can be used for predictions.
wa""mb e-:g n Section 10-2 by considering the concept of corrclation, which is used
we egine whether there 15 3 statistically significant relationship between two
1o dcterm e investigate correlation using the scatterplot (a graph) and the lincar
coefficient (a measurc of the dircction and strength of linear association

.o variables). .
ate regression analys

10-3 we investig :
ith an equation that relates t

of onc variable when

1, and why they are needed; and

dtry to understand the underlying theory.
f you understand what you

order to obtain an answer

his chapter, you should be able to do the following:

efficient and apply the correlation model.
lation and regression for building empirical models to

fitting multiple

4.
dequate fit to the

variables.
is; we describe the rclationship

hem and show how to use that
ve know values of the other

ctween WO ;
: ation 10 predict values ' -
o ple. Then e analyze the differences between predicted values and actual
variable.

A2
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'l')'-‘t;flfirovlfjh:[;l:a?;:;]igrlzr:gt:b;e; Uie concepts of multiple regression to describe the
for developing a malhema(ic::l)rL V?jr‘l;lblc& Uiy EaRe some basic n7elho<_is
st S varigbles: model that can be used to describe the relationship
10.2 Correlation
e Cli;i:i::;rccl:Li:":ﬁif:ﬁe-wherc one variable is expected to be related to the other,
those variable wi{h re;e'rz lljtcresled tn knowing: the degree of relationship between
relationship is known as anL ‘IO _lhe m‘casured observations. In statistics, such a
degree of relationship hcnvcﬂm} Aot TRErefee i comalstion i fefined =5 1
iieliss Koo the herelat en (wo or more random variables. If there are only two
there are ,more R 130 \':ll_ﬂgllj?l\veen them is known as simple correlation and if
Main Objective: The » ariaples lllc_‘n we h:\\.'c the case lofmulliplc correlution.
naired sample da-n - nain a‘bjeclnw n[ Ihf,\' section is to analyze a collection of
e i e rel‘-ni; l?;]e_lllll‘:es called blvanmc'dnla) and determine whether there
a relalionship‘as a com ]'P_ efween lhg two va.nubles‘ In 'slulislics, we refer to such
means that when & rr:? ation. (We will coqsnder only linear relationships, which
: when graphed, the points approximate a straight linc pattern. Also, we
consider only quantitative data.) : '

Definition:
A correlution exists between two variables when one of them is related to the other

in some way.

The problems like, the study of the relationship between input and output of a
wastewater treatment plant, the relationship between the tensile strength and
burdness of aluminum, or the relationship between impurities in the air vand the
incidence of a cenain discase, ctc. arc referred to as problems of correlation analysis,
where it is assumed that the data points (x;, y,) fori=12,3,... nare values of a
pair of random variables whose joint density is given by f(xy)-

Assumptions:
1. The sample of paired (v, v) data is a random sample of quantitative data.

2. The pairs of (x, y) data have a bivariate normal distribution. (this assumption
basically requires that for any fixed value of x, the corresponding values of y have a
distribution that is bell-shaped, and for any fi
bell-shaped.) This assumption is usually difficult to check, but a

values of both x and y have

xed value of y, the values of x have a

distribution that is
partial check can be made by detenmining whether the
distributions that are basically bell-shaped.
Notation for the Linear Correlation Coefficient
n represents the number of pairs of data present.
s denotes the addition of the items indicated.

v denotes the sum of all v-values. -
s¢¢ indicates that each x-value should be squared and then those squares added.
es should be added and the total then squared.

(Zl\')2 indicates that the x-valu
o avoid confusing Zv and (Z.r)2 .

It extremely important t
at cach y-value should first be multiplied by corresponding y-

value. After obtaining all such products, find their sum.
+ represents the linear correlation coefficient for a sample.
p - fepresents the lincar correlation coefficient for a population.
[ficient r is not an unbiased estimator of p, it is

ple correlation coc
tor whatever the form of the bivariate population.

Svy indicates th

Remark: Sam
widely used as a point estima
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r different values of r

. s
e . 5 > .
b) r near -1 Q) T
apparent Pelationyy,
.
. i ° . ,
.
. " ) .
d) rnear0, non linear e) r=1 f) r=-
perfect positive perfect negaiive

relationship

10.2.2 Linear Correlation Coefficient
Because visual examinations of scatter plots are largely subjective, we

more precise and objective measures. We use the linear correlation coeffici
which is useful for detecting straight-line pattems.

Definition: The linear correlation cocfficient r (ie. Karl Pearson's Cotf
Coetficient) measures the strength of the linear relationship-between the pai

and y-quantitative values in a sample. The sample correlation coefficientr for
pairs (x3, 1), - - -+ (Xny V) 1S calculated by using any one of the following form

: 2
S » where, Scr=2(x—f)z=2x?-(’z‘:xn‘]"

1. r=———\j—§\[§'

)2 ik
5w T0- 7= - L 5= 5= Ty,
n Txy = (EX)(E) R

2. r= 3 2
\n 2F = (Ix)? \Nn Tyt - (Ty)
s . Ze-D0-D -
T NEe- -
4r= ‘ nZln: pATAY :
o \JnZu' —(Zu)* \/n):v2 - (ZV)z : ) on "
[The linear correlation cocfficient is sometimes referred t0 25 e l’;;fl')!b]'
moment correlation coefficient in honor of Karl Pearsof 3
originally developed it.] Jodi2
. L i e '
Because the linear correlation coefficient r is calculated using - et
iar;xfple statistic used to measure the strength of the linear correls!
Y- iwe had every pair of population values for x and . the res!

population parameter, represented by p (Greck rho).

x-a _’ﬂ
'whereu="h"}" k

on
:of ﬂwouw

aneE



Probability and Statistics For Engineers

1023 propertics of linear Correlation coefficient
1. Thevalue of r does not depend on which of the two variab]
' |abeled x and which is labeled y. So the value of - is not af|
ofxory. .
.2. The value of r is independent of the units in which x and y arc measured
3. The value of r does not change if all values of either variable are conv ,
different scale.

4. Thevalueof r is always between —1 and +1 inclusive. That is, -l <r<l1.

x;roof: Let us consider the sum of the squares
Z.v—.?+\'—\ 2 here il )
—_S, _‘_“Sy where ite symbols have their usual meanings
p__1 -\2
Since, Sx =00 (x- .\')

8 =——5(-7)

i, z(.\'—f)2=(n— 1) 8

2E(-3) -1

-1
1 Yx-D -7 E _
L) S S. (=% (=7) = (=) r8es,
2 9 2
X-Y y-7§ Yx-3) 2X(x-D)(v-¥) Ly-V)
X=X yoFL
NOW: Z{ S = S) } S;:_ + S, Sy + .S“:
Zn-DSt il S S (o -1is;
S5 SxSy S;’

=2(m-0x2(1-1)r =2(n-1)(1£r)
Since the expression on the left hand side is the sum of the squares of real
quantitics, so it is always non-negative.

S1xr20 [ 2(n-1)>0]
Taking positive sign we get

14+r20=r2-1 --- ()
Taking negative sign, we get

1-r20=>r<l --- (i)

Hence combing (i) and (ii) we get
. -1<r<1.Proved.
Alternative Method:

; ) o
F\nc fegression equation of yon xis  y-y=r_(x- Y)
Ny

1
.1
\

i . or, g;(y-y) =r o{x-X)
puanng both sides J

1, 23 on2

. o’ (v-y) =roy (x-¥)

Taking Expectation on both side

or, o2 E(y-y V=r*ol i(x-%) , .. 3
oAl V=0

o, olc} =Pol o’ [ Ey-y)=0y . EG x)y=o

Lri=l
ri=1 =-l<rs]lproved
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5

.The. magnitude of r describes the strength of a linear relationship and its sign
indicates the direction.

r=+1if all pairs (x; y,) lic exactly on a straight line with positive slope; and
correlation is perfect positive. Here as x increases, y increases linearly and
steadily.

r ==L if all pairs (x, v;) lie exactly on a straight line with negative slope; and
correlation is perfect negative. Here as x increases, y decreases lincarly and
steadily.

r>0if the pattern in the scatter plot runs from lower left to upper right.

r<0if the patter in the scatter plot runs from upper left to lower right.

r =0 if there is no correlation.

Itis not designed to measure the strength of a relationship that is not lincar.
6. A value of r close to zero implics that the linear association is weak.
7. Correlation coefficient is the geometric mean between two regression

coefficients; i.e., r= m
10.2.4 Interpreting the Linear Correlation Coefficient

The value of r must always fall between —1 and +1 inclusive. If r is close t0 0,
we conclude that there is no significant linear correlation between x and y, but ifr
is close to =1 or +1 we conclude that there is a significant linear correlarion
between x and . ’

10.2.5 Cocfficicnt of Determination (Explained Variation)

If we conclude that there is a significant lincar correlation between x and y,

we can find a linear equation that expresses y in terms of x, and that equation can be
used predict values of y for given values of x. In previous section we have described
a procedure for finding such cquations and shown how to predict values of y when
given values of x. But a predicted value of y will not necessarily be the exact result,
because in addition to x, there are other factors aflecting y, such as random variation
and other charactenistics not included in the study.
Definition: It may be noted that whenever corrclation cocfficient r (0 for population)
is obtained the coefficient of determination can be obtained as ? (p? for population)
which gives how far the changes in one variable is explained by the other variable,
For example if = 0.6 than r* = 0.36 which means that the 36% of the changes in one
variable is explained by the other variable. -

The value of ¥ is the proportion of the variation in ¥y that is explained by the
linear relationship between x and y. iy

(Calculation of the sample correlation cocfficient): The following are
the number of minute it took 10 mechanics to assemble a piece of machinery in the
morning. ¥, and in the late afternoon, y:

X=x[11.1[10.3 [12.0 [15.1 1137 185 [17.3 142 [ 148
y=v 109 [192 [ 138 {215 132210 |64
Calculate r

153
193 {174 9o

Solution: Using calculator we gel

Tx=142.3, Iy = 166.8, Zx' = 2,085.3
Ty =2434.69, Zv" = 2.897.80

So, Se=%(x-%)1=%2 _(E,_,\-)-

=2,085.31 - (142.3)/10 = 60.381
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- _ Zaly
Su=2(v=%) (v=7) = Ty~ = = 61126 = 61.126
Se=2(yv-7 ) =Zy"-—Q:":I= 115.576
61.126

S\’\
Hence, r=——=——= = _
'\jS.. VS, V(60.381) (115.576) 0732

) The positive value of r confirms a positive association where long assembly
umes !c?ndAlo pair together and so do short assembly times.

p Calculate Karl Pearson's coefficient of correlation for the following
data and interpret the result.

X 1 2 3 5 6 7

) 6 7 5 4 3 1 2|

Solution: Calculation of correlation coeflicient

x | ¥ v | ¥ Xy

1] 6 | 36 6

20 7 5 49 14

3| 3 9 25 15
[+ 7 4 16 | 16 16
s 1 3 25 |9 is

6 1 36 |1 6

7 2 49 | 4 14
Sr=28. Sr=28 L =140, 57 =140, Zoy =86
n = numbher of vbservations =7

" "__,\", - tin‘i\ )
o "Wf_;'.; - (:r):"fn -y
7« 8628 728
= .],‘U,AZ:;-F’ 140 = (28)~

The value of r indicates that there 15 highly negauve correlation between the

varisbles x and )
m Find the coefficient of correlution betwecen industrial production and

export using the [ollow ing data:

[59 Je0o [0 [62 |
EEEEENEREEEN

i Production(X=x) | 55

i f—‘;‘;*.i.;fb ( )':", /

Solution. Let, iy = =060, v =1 : -
7 | uv u V
15 25 9
0 16 0
1] 4 0
-1 | |
0 0 36
0 0 25
12 4 36
26 = Y 0= 107=5v°
Tx26+10~#15
+0.92

o r T2 50— (0T < 10715
438-
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Correlation and Regression

Ex’anipl PR A computer while calculating the correlatiop coeflicien;
. ; . ety
variates x and y from 25 pairs of observations obtained the following coﬂstan:q
s:

n=25,  Ix=125, Ix*=650,
$y=100, Zy*=460, Zxy=508.

It was, however, later discovered at the time of checking that he had cgp
Pies

down two pairs as % ‘l‘z while the correct values were % 1‘7 - Obtain the copreg
816 618
value of the correlation coefficient.
Solution:
Incorrect Correit
[ [ R
6 |14 | 84 8 112 T
8 6 48 6 3 m
14 [20 [132] 14 |20 |14
It is clear from the above tables that there is no change in the values of Zxangy
Corrected  Zv=125
Ty =100

T3 = 650"62’ 8+ 6 +82 =650
5% =460 - 142 - 67 + 12 + 87 =436
Ty =508 - 132 + 144 =520
n S = (Ex)(Ey)
COITCClEd = \/}TD: _ (Zr)z \mz‘yz _ (ZJ')Z
25 x 520 — 125 * 100 _2
25 % 630 - (125) 25 x 436 - (100 3
10.2.6 Partial and Multiple Correlation _
A large number of facl:ors generally affect social and namr:(lkpdhf’"ﬁ
simultancously. The effect of these factors on one another is st ‘,l .
correlation and regression studies. In simple correlation between Mﬂmdmm
assumptions was that, the effect of other factors on the phe)‘mmen::;mmdm
ignored. For example, when we study correlation between price an ¢ that lo
assume that other independent factors like, money exports, ‘mﬁ"l'.‘;n hetweed F
price, have been completely ignored. In a study of simple corre allke money. S
and demand we assume that not only other independent vapablcs ‘ﬂ geting Pt
ctc. have been ignored but also that various other V“”"lf[e'.‘ :belwm 1
mutually independent of each other. Really, there 1s an associatio
independent variables affecting dependent variables. es such assumpl
Thus, our study of simple correlation and regression mad_ d is not 2
which are not true, and to this extent, the relationship sfu lcc s :
dependable. It is necessary to study the effects of all l.he:his objective:
multiple correlations and regression analysis is done 10 obtain
10.2.7 Partial correlation
In multivariate study, the correlation be
from the influence of other variables. For examp
only depend upon quality of sced but also other s0
fertilizer used, irrigation and so on.

el

tween any W0 variables 1>.r N
adl

le, the yield of crop pﬂ‘hw gt

.many actors like ferulty
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Hence, it becomes necessary 1o eliminate the common association of other
o obtain the actual association between the two variables. Broadly speakin
| correlation is the simple correlation between two variates when th%
f other variates has been eliminated.
Partial correlation cocfﬁcicnl may be defined as a measure of degree of
agsociation between any two vanab_lcs out 'of a sct or variables eliminating the
"ommon association ol‘rcma‘mmg variables with both of them, E
‘ Let us consider three variables X}, X and Xy. Then, we have,
Faa = partial correlation coefficient between X, and X; keeping
Aj constant (or by climinating the effect of A%3)
_ ryy=rnrn
m - ":2}
= partial correlation coeff.cient between .\, and X, keeping
X; constant (or by eliminating the effect of A7)
rys=ro s
\Jl“"lzz \fl‘rzzs
1y = partial corrclation coeflicient between X; and X; keeping
X, constant (or by eliminating the effect of X))
_ w=Ipra

10.2.8 Properties of Partial Correlation Coefficient

1. Itsvalue lies between— 1 to + 1
i.e.,—lSr,;:S*l.—lSr,_:_:SH, —)Sr:;,,S*—l
The position of subscript on left side of dots docs not make any difference in
the meaning.
ie. raa=rys, rsa= gz and sy = gy ]
CoefTicient of Partinl Determination: The square of partial correlation cos.fﬁcier.\t
is known as the coefficient of partial determination i.e., 1,35, ri3,and ry5, L Itis
used o interpret the value of partial correlation coefficient,

variable !
the partia
influence 0
Definition:

a2

[

For example, If ry3; = 0.9, then r:;, = 0.81. This implies that 81 percent of the total-

‘variztion in dependent varizble is-explained by the independem_- variable fmd is not
associated with X, 7 7 : i :
Ifr);=0.6, r;; = 0.4 and ry; = 0.35 find the value of

{) Partizl correlation coefficient between.X; and .X; keeping .Y constant.

(if) Partia] correlation coefficient between X, and X; keeping Ay constant.

(iii) Pantizl correlation coefficient between X and Xy keeping Xz constant.
Solution: Here, we have given, 13 =0.6,r3=04,13= 0.35
Nn" . .

(i) Partial correlation coefficient between X, and X, é(e;;ping Xy constant is given

. o _ru-riam 06-04203 __4436
by rga= % N S T-0a1-035 .

(i) Partial comrelation coefficient betsecn X; and Xy kecping Xy constant s given

by rm=rpls 035-0.6%x04 _ 0.15.

ol pa iors 1061 “04

amp
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Scanned by CamScanner

>

o

ERPTHEIGTS

R T A e R ey

AT BT i

\%?Jy_iiili%1‘nvv!-=.*r.r¢t:b:véwmmﬁms i

Ao

v

Correlation and Regression

(iii) Partial correlation coefficient between X, and X, keeping X> constant is given

by rpy= ra=rprn o 04-0.6x0.35

13.2 = i 5 5
Vi-rdafi=d N1-06y1-035
The correlation between a general intelligence test and school
achievement in a group of children from 6 to 15 years old is 0.86. The corrclation
between the general intelligence test and age in the same group is 0.65 and the
correlation between school achievement and age is 0.72. What is the correlation
between general intelligence and school achicvement in children of the same age?
Comment on the result,
Solution: Let X, = general intelligence test
X; = school achievement
A3 =age.

Here, ri; = 0.86, r;; = 0.65 and a3 = 0.72, we need to find 73 3.

ria = ey _ 0.86 — 0;65 % (.72 = 0.743
\U=rg 1=k NT-(0657VT-(.72

To interpret the value of rj,; we nced to find the cocfficient of partial
determination. Thus, r,f, = (0.743)* = 0.552. This means that 55.2% of the total
variation in the value of the dependent variable X, (general intelligence test) has
been explained by the impendent variable A% (school achievement) where X7 (age) is
held to be constant (same).

10.2.9 Multiple Correlations

Whenever we are interested in studying the relationship between the joint effects
of a group of variables upon a variable not included in that group, our study is that of
multiple correlation. Therefore. multiple corrclation aims at knowing how far the
dependent variable is influenced by the independent variables.
Definition: Multiple correlation siudics the relationship between dependent variable
and joint (or combined) eflfects of independent variables. For example, multiple
correlation pives the relationship of dependent variable (yield of paddy) and joint
effect of indcpendent variables (plot of land, labor, sced, fertilizer, pesticide,
irrigation and so on.) ]

Let us consider three variable .\, X and A3. Then we have,

Ry =multiple correlation coefficient between dependent variable X; and joint

effect of independent variables .X; and X; on X;.

=0.254

Now, rjzy =

5 -
rn Yy =2rarpry

1-r3
multiple correlation coefficient between dependent variable .Y; and
joint effect of indcpendent variables X and X; on X,
rh trh =2y
l-r}
Ryy: = multiple correlation cocfficient between dcpendent variable X; and
joint effect of independent variables X, and .Y, on .Y;

3 2
riy trn =2mar

2
I=-r)

10.2.10 Properties of Multiple Correlation Cocfficicnts
1. Its value lies between 0 to +1.
i, 0SRnS+HLO0SR S+ 0<Ry S+
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: el mitple conelation ol e
“lermination; | ¢ ", 1 o "v;‘«"' y

' A TT? and i
i "',‘lrl': conrelation coutficge n!, BESS
' of -«‘/hu';rlr, I 0= 0% ey 7
'ftal vatiation in dependent ¥,
(X and X )

"

Eoedfiient, 4o

knerin s the: confficlent of multiple
iz U us used b0 inserpret the value of

o AE T g
Akt 104, This mnplies that 64 percent of the

00 1 explained by the independent variables
1148 s

sibile 1y et the f -
e S b et the folluwin ¢ infon st { ane
Y] Vo, v = =075 and ry =092 ¥ information from an £ erinniental data

7 —
Sbution: We haye, Ripp=~ S 8 ’ r',’ LAt LIL7;,
' ,/Il
05T 0T 7705 7
G OIS 27205 2(0.75) 2092
Lo =313

bince fyyy o |
‘

erpeiiiental data
[}

1] 'l “ I o v
& 15 0ot possible o get such information from an

(i) From the d j

s ddata given beloy
: § it b b find Fy 4 By g4, 190 and (..
Zecyxy = 80, Xxyxy = 55, Lepy = 38
Yy’ =00, Lxy? = 50, Zey? = ¢
5 ) ¥y 50, 2oty =90, m = 6
1 - 3y , a '
whete, X, X, and Xy are vanables measored from their meany
PATRY] 10

Solation: (1) We have
AV = . (.5
'\/n\f «/L.j Junfo0 L34
R ALY 55 3 4
L ey i 0.82; 1y = iy« >
& 7 5 7 ? . ' 4 -
JL'I A Ly Juo 50 Y \/Lff '\/2'_|’. o0 4[50 aire
gy 054 - 0,42 # 0,64
Now, ry; caeld ol = : ;
N 10822 10,047 W
p— TRl A1) (),f;rfl 0.54 « 062 04
1y U=l AT-osayi-os? T '
) ﬂi____“_zl_'!z"ufn
Ry | '1} T
)
 [GEATi 08272 0.54 < 0.82 % 0.64
- 0.647 =082

X b pd w2 Pus Foull
Matri —2rafnly
Ryne =
]

= 0,641

You are given rp = 093, 7y = 0.50 and ryy = 0.34, Assuming the first
vaniable as dependent, compute the cocfficient of multiple determination A]n,.(,
mitcrpret the result. S
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()50, ry = 038, determinat s 0 i g ien by

T ——
P,

tsotution: Hete, 7 —
I( 4 f;‘; —-2’;/’,5’1‘

”,‘,'; &5 = f - ’,A'
rig = 093, e first m/r.w, 18 duopondent, we S5 UL e ctty .
soultiphe derertmnatiin Ky i

The coetficient of 1r,rli|v;:fc )

s p 209 LU,
§o (0,54 VAT (ngpron

Gince Hby= 0903, it shows that 90.3% of the utal vata'sm i6 e dops,,,
yarable Xy has been explained bry the 190 independent varabis
10.3 Regression

Many problems in engincering and science ivelve exploting the thaon,
betreen 1w of more variables. Very often, the interest bies in estabiihrg e u
relationship between two o e variables, This problem is dealt wis represiay
analysls, Fegression analysis 15 2 stalistical technique hat 18 very weefil for fiay
types of problems. For example, in a chemical process, suppire that the yisid of g
product s selated 1o the process-operiting temperature. Fegression analyss cs b
used o build a model 1o predict yield at a given temperature level, Ths model ca
also be used for process optimization, such 2 finding the level of temperass ta
masmizes yield, or for process control purposes.

On the other hand, we are often not interested 10 know the actual relatiomsig i
are only interested in knowing the degree of relationship between two of e
variables, Thiv problem is dealt with correlation analysis.

Thus, regression analysis shows how._the variables_are reluted while the
correlation anulysis measures “the degree of relationship between the variables.
Kegression and correlation analysis thus determine the natur€ and sirength of
relationship between variables.

Main Objcctive of this section: In Section correlation, we analyze paired data witk
the goal of determining whether there is a linear correlation between WO variabiet
‘The main objective of this section is 1o describe the relationship between fv
variables by finding the graph and equation of the straight line that represents the
relationship. This straight line is called the regression line, and its equation is called
the regression equation. ;i
The literal meaning of the word Regression is stepping back or returning 16
the average value. This term regression was first used by British blometrician §
Francls Galton (1822-1911) on estimating the nature of relationship between !
height of fathers and sons. He found in his study that
(1) The tall fathers have tall sons and short fathers have short sons.
(i) The average height of sons of a group of 1l fathers is less than that of e
fathers and the average height of the sons of a group of short fathers 18 mor
than that of the fathers. m

Galton termed  the line describing the average relationship betwee? fl;‘
variables, as the line of regression. He used the word regression 4 the namcﬂmﬂ
general process of predicting one variable (the height of the sons) from ""O,M,
‘meu.blc (the height of the fathers). We continue o use Galton's ""S":;L =

c.mmxology. even though our data do not involve the same height phen
studied by Galton.
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We see the i .
B obs(e'::;_- l:lhcre 1S 110 any simple Curve which will pass through all the points.
sofationshin bt at y mcrcnst? as' X Increase. So, this gives that there is some
Sscalia pd cween.x and y. This kind of diagram, which shows how the data points
dltered, 1s called a scarrer plot or scatter diagram,

N T : (—"5:,“5)

— -

o

3! L)

; (XJ-)’.;)
(-":'}':)

'("'p)’l)
o —f—t—r X

Value of X

gle point.

ctly in a line. Bur if a line is

nd others will be lying in the

1sidered
f : 7 of ¢ drzvm and considered.
thz best line will bz one for which the alzebraic sum of the perpendicular
distances of all the points from the line is zero. Herce, do f

NN

-

of squares.
he given
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Correlation and Regression

—imizing the sum of the squares of errors parallel to y-axis gives the equation
: Mmlsfsﬂi;n line of y on x and minimizing the errors parallel to x-axis gives (y,
of regre

on li fxony.
: f regression line 0 . : :
equation of reg gression line by least squares methoq

ination of re h
10.3.4 Dctcrmlna;l (., ¥) be n pairs of observations on the two variables
Let (xp y)s (k2 Y2)d e ool @)

: =a+bhxte P
andé. L:Ul"neaof regression of y on x where a and b are constant are ¢, the ermor jy
e the li f ‘ e G |
predicaling ofy corresponding 10 BIVEN X ise, =)=
Y

t

»—

0 M

Diagram for least Squares
Sum of the squares of errors (i.c., distances of points from line) is
c= Z".I (yi—a-bx)
According 10 the principle of least squarcs, we have o determine constants a ed
b such that e is minimum.
From calculus, we know that a niecessary condition for minima {or maxssaj i

e oe
% Oand PPl 0

U

dz J
EZ(y—a-bx)é;(_v..g_[,_;, =fJanéiZ(v—a—Izz‘)';;g{y—a-la)‘*ﬂ

t

;21)'—0-}/11 (~1)=0and Z2(y —a - bajl-x} = 0
= Ly—na-bZr=0und Lry - a¥x - bil =)

= Zy=npa~+hix
Zay = a¥x + b3s

Tese prignis 2 e
These equations are known as the normal equations for the least 575
13 (i e for estisnating a and b). Solving these two nommal equations ¥¢ §7
a=y - by :

mngv—lr;;:yi&i;(u-ﬂ :

nist ~ (s Lle-%j Sor
aeofl

Putling these valuss i (: ) Lk
3 “g these values m 03) e got yequired fitted (ur eotimated) segression 5ne .
Younsas e, oA

P
i
P 4
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feat bx, where §* is estimated value of y for given x,
te: (1) Least squares estimates @ =y —hX and b = S
Note: w
v __Iv
5=

where X =750V 5

2

Su=I(r-F)=re-EL

n

o)’ T (T

_ '_—-‘Z=ZZ_£————: Sn=X(x-X ,_—,=v.._(“_‘)(.z.‘_)

Se=Z0 =Yy =Ty =L =D -F)=Iy n
1 PR

and _g',:=na+h}:\’-" :;_r.y=a+b"'r' = y=a+bh¥

he numcrical constant b which is slop2 of line of regression of y on x is called
on coefficient of v on x. 1Uis denoted by by, It represents the rate of

o T

rcgn.‘sxi
change of ywar tox.
10.3.5 Regression cquations
@ Regression equntion ofx. ony o .

A line of regression of y onx is the line which give the l?cs( estimate for the valucAof.y
for given valuc of x. Thc. regression cquation of y on x is § = a + bx, where § is
estimated value of 3 for given .\‘_.w]mrc

q = intercept of the y—axis
b = by = slope of the regression line = regression coeflicicnt of y on x.
y= dcp’cndcnt variable, x = independent variable. )
Normal equations are Ty =na+ bhxand Ly = alx + bIv"
(i) Regression equation of_,\' ony

A line of regression of x on y is the lin
for given valuc of y. The regression cquation of x ony is¥=c+dy
where ¢ = intercept of the x-axis .

d = byy = slope of the regression line = regression caefTicicnt of x on y.
x= dcfpcndent variable, y independent variable.

Normal equations are
Sx=nc+dZv

¢ which give the best estimate for the value of x

1
and Zxy=cIv+dly

N . . ,
) Solving these two normal equations we get
S-Sy Sy T(x-X)(r-V
=, g _hiwoavey )
¢c=x-dv and d=" 1 _ T -
y -G ey

1 1 - e =+
Thercflore, the estimated regression lincofvonyisy =c+dy

where £ is estimated value of x for given value of y.
(iii) Regression equation in terms of actual means

The regression equation y on X 1S gIVen by .
Ty.. Ly

y-T=byy (c-T) where F=LRTE00

) 22(.\--x)(\r-v)=g§:v_—2_<21;]£§‘i=,-§x
SO (-7 nZr’ - () ¥

" The regression equation x on y 1S GIven by
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Correlation and Regressinn

x~F=h, (y-F) whereh, = Lr-F)(v-7) nZvy - (£x) (.‘3\") o
nky' - (o) o

Ly -5y
10.3.6 Coefficicnts of Regression
" Iln the rcgre:ssion cqualior} of yon x, v!':,, § = a + bx, the cocfficicnt b which is
¢ slope of the line of regression of y on x is called the coefficient of regression of y
on x, ll‘reprcscnls the change in the value of the dependent variable y for a unit
change in the value of the independent variable x. In other words, it rc}wrcsen!s the
rate of change of y w.r.t. v. It is denoted by byx.

Similarly, in the regression equation of x on y, viz, ¥ = ¢ + dy the cocfficient d
Tepresents the change in the value of the dependent variable x for a unit change in the
value of the independent variable - and is called the coclficient of regression of x on
». Itis denoted by hx.

(B EVTIRTR (Finding the correlation and Regression Equation): Use the given
sample data to find the lincar correlation cocfficient and regression cquation.
o] 13 5

v 2 y 6 4
Solution: Here, n=4,Zv =10, 5y =20, %" =36, 5" =120, Sy =48.

n Xy — (Zy)( Tv)

Correlation coefficient r =

=-0.135.

= - (&) Vn S - (5

For Regression cquation:

a=y-by=5-(-0.182)(2.5) =5.45.
The estimated equation of regression line is
P=a+bx=545-0182x
We should realize that this equation is an estimatc of the true regression cquation
y=5+hx
10.3.7 Outliers and Influential Points
A corrclation / regression analysis of bivariate (paircd) data should include

an investigation of outlicrs and influential points, defined as follows.

Definitions

In a scatterplot, an owtlicr is a point lying far away from the other data paints.
Paired sample data may include onc or more influential points, which are points
that strongly affect the graph of the regression linc.

An outlier is casy to identily: Examine the scatterplot and identify a point that is
away from the others. Here's how to determine whether a point is an influential point:
Graph the regression line resulting from the data with the point included, then graph the
regression line resulting from the data with the point excluded. If the graph changes by
a considcrable amount, the point is influential. Influential points are often found by
identifying those outliers that are horizontally far away from the other points.

10.3.8 Residuals and the Least-Squares Property
We have stated that the regression equation represents the straight line that fits the
data “best,” and we will now describe the criterion used in determining the line that

is better than all others. This criterion is based on the vetical distances belween the
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original data points and the

Definition: (Residualy);

For a sample of paired

: ) rov
N . - ¥ s -ef(icient are — and
Tegression line, Such distances are called residuals. Proof: The regression co-ctfi o

. : AP L s i r ro; s S T o
Userved sample yrvalus oo (1988 i the diffrence v ) beiween an o G.M. between thesc two = \/"f ¥ LOM betweenamgy oy
served sample y-value and (e value of | which is the valye of y that is predicted g{ i P
by using the regression equation, That is; : # i il L o =N =r=Comclation co-eflicient v 2.
: ~ Residual = observed y — predicted ¥ (i.e., estimated y) =y-9 . 7 ! 2. Both the regression cocfﬁcicnts‘must have ll'm same sign. lfregyes.s!on ‘ :
The minimum valye of the sum of squares is called the residual sum of squares or~ 4 coeflicients are negative then r is also negative and if they are Positive thep Fig
Error sum of squares. That is - e R |

; g3 also pOSi(i\’e.
SSE = residual sum of squares = ):,'L, =fH=8,-53 /8. R

This definition might seem us clear
understand residials by referring
paired sample da
dashed lincs. For

o £ nE
: ) Proof: Regression co-efficientofyonx=bz=r o e
as tax-form instructions, but you can easily  i§

. 10 the following figure | which corresponds to the g‘ L -efficient of x on y = by = r &
a Disted below. In figure, the residuals are represented by the Regression co ’ %
a specific example, see the residual indicated as 7, which is dircctly

above v =5 | we substitute x = § iy
predicted value of § =25, When v =

Since or and & arc both positive, b, by are and r have same sign, -

o the regression cquation §} = 5+ 4x, we geta 3. Ifone of the regression co-cflicient is greater than unity numerically, ihe olher

> the predicted value of y is § = 25, but the A must be less than unity numerically. d :
actual observed sample value i$3=32. The difference y=) =32 25 = 7 is a residual, & Proof: We know that two regression C?'efﬁcwnt satisfy
bu by =r-<1 [I’I<”
x o1 2 4 5 b | i ~dr = S
3 by < 5 = - 3
y 4 24 8 32 i3 by < bor b
Figure: Residuals and squares of residuals i Similarly, if bw < | then b > 1. i
y : ; g . p— . . . s
32 ? i 4. The regression equations pass through their mean (%, ¥) i.e., regression lines ;
o ; :Pes[duu/ =7 ‘ . = ) =
8 terest at (X, V). : - ] :
2 Prnof]:n\\f’c have seen that the line of regression of y on x (which igthe hrllebt;fb'eslﬁl *
2 when x is treated as independent variable and y as dependent variab e)k:s ;
2 r=ax+b o1y
y=ax |
?’2 Wesitual = I] where a and & are given by the normal equations
s Iy =na+ bZx ()
;2 Ty = aZx + bI¥ ... 0)
14 and n is the number ofpairs.of values of x and y.
12 Residual = =13 Equation (2) can be written in the form
10 Sy i x
2 i n oatoy
; [ ' or, g B o S )
LZ* Respud] = =3 Equation (4) shows that the point (&, ) lies on (1).
+ X
0 —+ + + t

] 2 3 y 5 . Thus the line of regression passes through (&, 37,
0 ;

. sion equation represents the line that fits the points “best” according to the : where ¥ is the mean of 's and 7 the mean o.fys. . +bd et doough :
IS n._g,rcs;l : ey property : Similarly we can show that the regression line x = ¢y
following least-squares I N . . . -
Dcfinition: A straight line satisfies the /casl-qu{aresproperly ifthe sumofthe i the point (¥, ) 'y ents is ercater than the run;h»f s
squares of the residuals is the smallest sum possible. e H S ThewBihrete wisan of regression coefficien o :

ies ¢ ion coefficient ‘ : bo+b.

.9 Properties of regressi ) . Yy

i Let i and y be two variables. Then there are two regression coefficients b, & coefficient r; ie., 2

> important propertics are: , ‘
and b,,. Somce impo _ ‘ i < T,
1. The c?mcl:nlinn cocflicient r is the geometric mean of the regression coeffici

e, r= i"\' byx. bay

Proof: We have 1o probe that

-451-
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% ro;
b .+b. 0, o
_.\IT.EL>'_ or, '\‘)‘_>r

o, G tal>200
or, G~ +0 -20:6>1
or, (0= &) >0, which is true.
6. Regression coefficient arbe independent of change of origin but not of scale,
Ve

x—-a
Proof: Letu= h YTk where a, b, hand k are constants,

e ko _k ('_5) _k
by = o. "ho, h o.) h by
k
Similarly by =7 by
Thus by, and b, are both independent of @ and b by

This means regression cocfficients are not affected if every values are increased
" ordecreased by some constant multiplied by some constant value,

7. Ifr=0, the two lines of regression are parallel to the axcs.
Proof: Equations 1o the two lines of regression are

tnot of r and k.

ro, 10, .
- - - «
- = X—Xx and.\'—.\'— Nkl 1

Whens= 0,3 -¥=0andx-X=0;ic, v= ¥

and x = X which are cquations to
lines parallel to x —axis respectively.

Theorem11.1: If Qs the acute angle between the tw
the two variables x and y, show that

| -r o0,
tan (f=——" ——%

where r, g, o, have their usual meanings.
0,0, E
v O,

o regression lines in the casc of

Explain the significance when r=0and r= 4 1,
Solution: Equations 1o the lines of regression of y on . and x on y are

f

- PR g
)‘—)‘—r”'(,\’—.\j and x-x =) q("_))

Ao a, a,
Their slopes are iy = =+ and ur, =
i Rl me !

v

. a, o
£ Ny =My 7, I,
tanf) = 4 =—l—=2o s
14 mym, 140/
a,
ST o/
r ol val

Since 1% 2 | ang 7,, Oy are posinve
S e gives the acute anple between the Jines

G) ey p - O, then ) = wor =907,

-A57.-
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Correlation and Regression

Thus when r = 0; i.e., the variables are not correla
are perpendicular to each other.

(i) When r =
either para

ted, the lines of regression

t 1, thattan §=0 = 0= 0 or 7. The two lines of regression are
llel or coincide. Hence when r = + 1 i.e, there is perfect positive or

negative correlation between x and y. the lines of regression coincide.
(i) 1ftan 6> 0, then Bis acute angle and

Iftan 8<0, then @is obtuse angle

10.3.10 Using the Regression Equation for Predictions

Regression equations can be helpful when used for predicting the value of
one variable, given some particular value of the other v
fits the data quite well,

provided that we don't g
should use the equation o

ariable. If the regression line
then it makes sensc to use its equation for predictions.
o beyond the scope of the available values. However, we
[ the regression line only if r indicates that there is a linear
correlation. In the absence of a linear correlation, we should not use the regression
equation for projecting or predicting: instead, our best estimate of the second
variable is simply its sample mean,

In predicting a value of y based on some given value of x . . .

L. Ifthere is not a linear correlation, the best predicred y -value isy.

2. Ifthereis a linear correlation, the best predicted y -value is found

by substituting the x-value into the regression equation.

Ifris near -1 or +1, then the regression line fits the data well, but if r is near 0, then
the regression line fits poorly (and should not be used for predictions).
Guidelines for Using the Rearession Equation

L. If there is no linear correlation, don't use the re
predictions.

gression equation to make

=]

When using the regression equation for predictions, stay within the scope of
the available sample data. If you find a regression cquation that relates
women’s heights and shoe sizes, it's absurd (o predict the shoe size of a
woman who is 10 i tall,
A regression cquation bascd on old data is not necessarily valid now. The
regression cquation relating used-car prices and ages of cars is no longer
usable if it's based on data from the 19705,
4. Don't make predictions about a population that is different from the population
from which the sample data were drawn. If we collect sample data from men
and devclop a regression cquation relating age and TV remote-control usage,
the results don't neeessarily apply 1o women. If we use slale averages (o
develop a regression equation relating SAT math scores and SAT verbal
scores, the results don't necessarily apply to individuals,
10.3.11 Inferences concerning least squares methods

The regression equation y = g + by is obt
are often interested in corresponding cquation
which the sample was drawn, The following is test conceruing a normal population.

A test of hypotheses concerning the slope parameter L=b
To test the hypothesis that the regression cocfficie
value b, we use the fact that the statistic

(h- U)
= =5,

ained on the basis of sample data. We
V= a+ fIx for the population from

rt f1is equal 10 some specified
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~isa rundo.m ‘ha\"ing the ¢ distribution with n ~ 2 degrees of freedom.
Similarly statistics for inference about @
(a-a Y
- ) nS.
Se 2
_ S+ n(X)’
1s a random having the ¢ distribution with # - 2 degrees of freedom.
l?vﬁnllmn: (Standard error of the estimate) o
1 hes(nndnrd error of estimate, denoted by s., is a measure of the differencés‘
(or d istances) between the observed sample y-values and the predicted values j that
are obtained using the regression equation. Tt is given as
:_Zv-9Y " ;
=TT (where p is the predicted y-value)

or an equivalent formula for this estimate of ¢ is given by

. 2
Estimate of 0° =, = Su = (Su) /S

n-2
Remarks:
1. Relationship between Sw, Swand the respective sample variances of the x's and
y's are:
. Su s Sa
= and s Sy

10.3.12 Confidence Interval for the Intercept and slope
(1 = @) 100% confidence intervals using confidence limits

; /l X
For intercept @ a iy, p-2% S, ;+5_
u

1
Forslope  [ibEilun, u-2%5 \/——E— where d.f =n-2.

Exam! q}] (Firting a straight line by least sq uares)
The following arc measurements of the air velocity and evaporation cocfficient

ulse engine:

of burning fuel droplets inan im
Air velocity (cm/ sec) X Evaporation cocfficient (mm¥sec) y

20 0.18

0 037
100 0.35
140 0.78
180 0.56
220 0.75
260 1.18
300 1.36
340 1.17
380 1.65

Fit a straight line to these data by the method of least squares, and use it to
ate the evaporation cocflicient of a droplct when the air velocity is 190 cmvsec.

|TU, BE, 2064 Shrawan/ 2065 Kartik/2065 Chaitra}
Solution: For i = 10 pairs (x;. v;), we first calculate(Using Calculator)

sy =2.000, ¢ = 532,000; Ty = 8.35; Zvy=2,175.40: 24 =9.1097
then Si = £x% = (Zx) 7a = 532,000 ~ (2,000) /n = 132,000

-454-

estim

Scanned by CamScanner

=Y

PR

Correlation and Regression
S =Ly - (EXD) = 2,75.40 - (2,0008.35¥10 = 50540
5= - (I = 9.1097 - (8.35) /10=2.13745,

“¢ 50540 _
% b='s‘i=T3'fo—05 =0.00383

5 Zx_835 2000 _
a=y—bf=';,_‘b =710 (0.00383) 10 0.069.

Thus, the equation of the straight line that best fits the given data in ye "

of least squarcs is

§= . =0.069 +0.00383 x ‘ .
) dafc; :; 190 we predict that the evaporation cocfTicient will be
an

$=0069 + (0.00383)(190) = 0.80 mls

Finally, the residual sum of squares 1S
2

S g505.40f=
SSE=Sw=3 = 2.13745 - 132000 0.20238

Note 1: Diagram fo} lcast squares criterion showing the vertical deviations
0 .
y

. - 2
Evaporation cocficient (mm-/s)
=)

o

: et
07750 130 160 200 240 280 320 360 400
Air velocity (cm/s)

. . With referer
ISR (95% confidence interval for the intercept @ and ﬂl)'lel:ﬂllr;““”
to the previous example construct a 95% confidence interval or

a.
. Sw—(Sw)¥ S 2.13745 —(505.40 Y132000 _ 0 6253
Here s, = 2 = 10-2 :

(1 - a) 100% =95% = a= 0.05
- , =015
fu2 = Iy gy = 2.306 for 10 -2 =8 degrees of freedom and s, = 0.0253 -
Hence 95% confidence limits for intercept are given by
X
—p—

C.L for intercept =a £ tp 03 X Sc
2 n Sx

=0.069 +(2.306)(0.159) /% 200 _ ;069 £0.233

*132000
Hence the required interval for intercept is (- 0- 164, 0.302)

-455-
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p (A test of hypatheses concerning the slope parameter B=b)

With reference to the previous example 1 test the nu] hypothesis 8= 0 apainst

the alternative hypothesis f# 0 at the 0.05 cve] of significance. :
Solution: )

Step 1. Null hypothesis Hy: f=0

Alternative hypothesis H,: B+ 0
Step 2. Level of significance: a=0.05
Step 3. Criterion: Reject the null hypothesis if ;
1 <=2.306 or t > 2.306, where 2.306 is "% oo
the value of 1 g,5 for 10- 2 = 8 degrees e e o
of freedom, and ¢ is given by the Extremely smal Posuloe

Stepd.  Calculations: Using the quantitics obtainced in the previous cxample
0.00383 -0
="0159  V132,000=8.75.

Step 5. Decision: Since 1 = 8.75 exceeds 2.306. the null hypothesis must rejected;
we conclude that there is a relationship between air velocity and the
average evaporation cocfficient.

Enginecrs fabricating a new transmission-type eleciron multiplier

created an array of silicon nanopillars on a flat silicon membranc. The precise

structure €an influence the electrical properties. So, subsequently, the height and
width of 50 manopillars were measured in nanometers (nm) or 107 meters. The

summary statistics, with x = width and y = height are n = 50, ¥ = 88.34, 7 = 305.58

S =7.239.22, Sy = 17.840.1, S = 66.975.2
(a) Find the least squares line for predicting height from width.
(b) Find the least squares linc for predicting width from height.
Solution: (a) Here y = height and the least squares estimates are

S 17840.1
slope = =E=m=2.464

formula ¢ =

anda=j - b ¥ =305.58 - (2.464)(88.34) = 87.88
The fitted line is ~ height = 87.88 + 2,464 width.
(b) Here width is the response variable and height the predictor, so x and y must be
interchanged.

0.266; and @ = Y - by = 8834 -

(0.266)(305.58) = 6.944
The fitted line is width = 6.944 + 0.266 height.

. The following table shows the respective heights x and y Aof a sample
of 12 fathers and their oldest sons. (a) Construct a scatter diagram. (b) Find the least
Squares regression line of v on x. (¢) Find the least squares regression line of ¥ on v.
Height X of Father (inches) | 65 |63 167 64 fﬁ_ 62 [70 [66 |68 |67 |69 |71
of son (inches) 68 |66 168 65 |69 |66 |68 [65 |71 |67 |68 |70
[TU, BE, 2068 Magh)
Solution: (a) The scatter diagram is obtained by plotting the points (x, y) on a

rectangular coordinate system as shown:

Height v
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¥

72 y=-313R+] 0]6_1'\ p
é'; 70 L, e
o -/, L4
£ 8 N o
§ - :’ * \)'=35.RZ+0476Y
-
5 661 ~7 ,
- - o .
= al
264 p
=
62

62 64 66 68 70 72
Height of father (inches)
(b) The regression line of y on x is given by v = a + b, where a and b are obtained
by solving the normal equations

Zy=an+bhix
Ty = aZv + hEv?
X 1 A\'2 Xy V-
65 68 4225 4420 4624
63 66 3969 4158 4356 |
67 68 4489 4556 4624
64 65 4096 4160 4225 ]
68 69 4624 4692 4761
62 66 3344 4092 4356
70 68 4900 4760 4624
66 65 4356 4290 4225
68 71 4624 4828 5041
67 67 4489 4489 4489
69 68 4761 4692 4624
71 70 5041 4970 4900
Ty =800 [ Ty =811 | v'=534I8 | Svy=54,107 | %)* =54,849

Hence the normal equations becomes
12a+ 18005 =811
800a + 53,418 b = 54,108
From which we find a = 35.82 and b = 0.476 so that y = 35.82 + 0.476 x.
Another method [In terms of actual means)
_nZw - Ny
bu= nZe’ - (Ev)? =0476
') X
ym = b =3, 7 =2 67,583, 7 = == 66.667
= y=0.476 (x—66.67) + 67.58 =35.85 + 0.476 x
(c) Regression line of x on y is given by x = ¢ + dy where ¢ and d are obtained by
solving normal equations
Ix=cn+d Iy and Zvy=(Iy+d 5y’
So, 12c+811d=800 and 811 c+ 54,894 d = 54,107
From which we getc=-3.38 and d = 1.036
Hence the required linc is x = -3.38 + 1.036 v
Another method [In terms of actual mcans) ’
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_nZyy - ¥y¥y
> ngyf -Gy LG
Therefare, (x - T)=b,(y-7)
' = xr=1036 (v~ 67.583) + 66.667 =-3.35+1.036 .
{Z Compure the stan

Exam,
e

dard error of estimate s, for the data

63 T67 64 [65 62 [70 [65 [65 [67 [69 |71
A 65 169 166 [65 [65 |71 |67 |68 |70 |
foliowing Tamy. ove example the regression line of y on x is y = 35.82 + 0.476 x. In
b‘;“{({ alsnz;":l:}fdu? listed in acruall valpes of y and the estimated values of y, denoted
i Dlaincd from the regression line. For cxample, corresponding to x = 65, we
ave § = 3582 + 0.476(65) = 66.67. -
X165 163 Te7 64 68 62 [70

63
¥ i s

Solution: From above exar

6 68 |67 69 (71

S 71 61 68 |70
723 [69.15 [6771 |6R66 |69.62
i [-124 [2m [071 |—066 038
Also lgs(cu are the values y — ¥ which are needed in computing s,
=0 (124 +(009) +. ..+ (0.38)2
n=2 - 10

I
{68 65 69 56 T l
T
i

[
6381 1677 2 :
O3ED {6771 16628 | 6819 [ 6533 6914 16

-1 1129 §0.19 029 1125 (081 Joe7 LBCIES

=197 and s, = 1.40

(a) Construct rwo lines parallel 1o the regression line of above cxample and having
ventical distance 5, from it.
{b) Detenmine the percentage of dala points
falling berween these two lines.
Solution: 721
(a) The regression line y =35.82+ 0476 vas ]

obtained in above example is shown [ .
sohd n following figure. The o gy 1 e ’// %
parallel lines, cach having  vertical I‘ RETS
distance s, = 140 from 1, are shown ({.?4%; -
dashed in ) 1 e

(b) From the figure it is scen that 9 out of  ®F 1-

12 data points, 7 full between the lines. éjgﬁ
Then the required percentage is

x100 =75%

|

1
Another method: From the last line in table of previous example 3 - 1 lies between
Z1.28 and 1.28 (i.c, £ s5,) for 9 points (x, ). Then the required percentage is

[}

l% % 100% = 75%.

S PFTH Ten steel wires of diameter 0.5mm and length 2.5m were extended in a
by applying vertical forces of varying magnitudes. Results are as follows:
Force (ki) ¥ 15 [19 [25 [35 [42 [as [53 [s6 [62 [6s
2.1125]134(39/49]54]5.7 6.617.2

Increase in length (mm) y | 1.7{2.
(a) Estimate the paramcters of a simple lincar regression model with force as
b

cxplanatory variable. o .
(b) Find 95% contidence limits for the slope of linc.

[TU BE 2068 Bhugra)
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tion: Using calculator, we g€
S”""; =420; 7 =20518; Ly = 43.4; Lxy=21285; Zy" -3
then S =X = (Ex)’In = 2878; S5 =Zxy —(LxZyyn=305.7, % =42 F=yy
— 5,2 (%) /n=33.024 ,

S Z)S()) g
So, b=:s‘."x=0.1062; a=y-hbx=",
(a) The pa:melers of a simple linear regression model with force 4

id =-0.1212and b=0.1062,
natory variable are @ 0 .
'F:E ]saimplginear regression model with force as explanatory variable i

i 2 force.
Mag iude =—0.1212 + 0.1062 . -
(bj \4\7: }T-‘;now that (1 — @) 100% confidence intervals using confidence fin

Zx
-b P =-0.1212

1 x
. LIt
For intercept @@ £la2a-2*Se\ [ 7 g

I -
For slope ﬂibi’a':,n-zx-ﬂ\[i“'hefed'f:‘" 2.

For. 95% confidence limits for the slope fof line:

1—a)%=95%:~a=0.05 -
( =2306forn-2=10-2=8 dcgreesofﬁ'eedomand:,=\[00b3=u_;5;

. S (S50) Ser _
Heres.=—,_2 =0.0691
limits for intercept are given by

1
C.] forintercept = bt ltunu-2 X Se [
S_ll’ P

T = Toas

Hence 95% confidence

L__ 0.1062 +0.00297= (0.10323, 0.1317)
\/2878
is, (0.10323,0.10917)

Hence the required interval for intercept ! —
eI T® \ feasurements of the resistance R 10 the motion of a train at diffe

=0.1062 % (2.306)(0.0691)

speeds gave the following results: 5

[ Vumiles/hour) 10 20 30 "2“) ]

[ R(!b/ton) 8 10 15 1 T
best values of aand?.

Assuming a law of the form R =a +b/”", l.'md the o
Solution: Put R = v, ¥ ? = x. Then the given equation becomes y =a T 0%

The following tabie pives the values of x and v. o]
(x(=V% [ 100 300 900 1600 B
[=R) 8 10 15 21

Let, x=%=200 o o1 y=a+BX

100 .
The normal equations are XY =354 + BZY and TyX=AZX +BLY"
The working is shown below.
X
-8
=5
0
7
16

XX=10
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The equation of regression ing of Yon\'1s

v=veoh(r-1x)
o, y-10=13(r-3)
o1 =10+ 133 -0.02
or, ERRIESEAL
Example 21:JRENREEUNEHN regression equalion

y= 0812y =333

table: y = 0816 v » 13T,
£ (i) the mean of 1's and the mean of )8

o
o & _pste
Selution: (i) From first equation we have bo=rg 051

i — =05
and from secnd equation, b= 72 051

~

F—uy

2 .0S16« 0512
P §

o F=08l6=0512
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(@ Seppese (7. 7} i the peos powt @ B cnedsste plaoe of Be seo sumi. S
oqatens will be wisfied bv o ke G e poprovecn fees pass Seveg® mEIES £

miersect exch other 2 that po
FeOSIET « 13 Thand 7= Q91254 3292

On solveng (i) and (ie), we gt 7 = 67 W j= 684§

m In 2 partally destroved iboratory recoed of 3o gl

of ¥ = ¥ Regrewsns ephons ¥

] - » 5
data, the follom myg reselty are cliphle Vramce

adoniy o 3§ corre s

Rr - §0y = 64 = 0 aned 3y - {8y = 214 What were (i) the mass vsbors of ¢ aned ¥
(i} The stanced deviatson of v, and (i) The conelatuon coefflcsent befwarn 7 356 ¥

Selation: At the regresoon imes alwryd mleriec! M mesns,
Theis powst of interiectson grven the mean valees

Equations are K7 - {05 ~66=0 or, Ry - 10f = &4

407 < iy = - 214

=1l y=17

sed
Salving thes equations, we gel

New 0, --J\'mmr.r waf =)

Equations of regression bines g2

- ﬂ-‘ - ﬂ-' e
£=g=r=(y- of, r=r—(y-yj*s
d“ ] P

" S
of, yer=(r-4p*y
» ”‘( )

- &
;-_r-la‘l:-u
Now given equations are

15 214 “ (6
.:-v;;;-wa:d TR AT

Regression cocllicients are b, = r % - ::—"; anad b, = ,;':-‘ o -i%
CoefTicient of comelation
r =\fProduct of Kegrosmwon cocllicients
-\’b'nbn- l‘-l-:"- Lﬁ.l.‘:_o“
‘ \}W U 4009 20
o & 2 12 o K (R

. i 2
Now,r 2 =75:0,= 3.7 35.50 BT T=> 6"

(U

Hence, (T = 13,7 = 17 {ii) Standard deviaton of v = 4,
(iii) Comvelstion cocificient r,, = U6,

-

NEERL

D Prove that the comelation cocfficient 1s the peametne mean between
the regression cozificients Hence, find the conelanen coeflicwnt when the

regression cocfficients are U 8 and 0.2 respectively

. "
Selution’ In regression cocilicient efyonsish,=r :

.
The repression cocfficient ef s on v 15 by = ';‘

Jh - e

> r=Y

m.h‘.h--’;‘;-—-.':
PREY SR

wr medl i &

“
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10.3.13 Muitiple Regression

So far. we have used methods of regression to investigate relationships between
t’\ﬂt‘_“)'i two variables, but some circumstances require more than (wo variables. In
P’e.d““”_‘e' the price of a diamond, for example, we might consider variables such as
\\'t}gln {in carats), color, and clarily, sa that a total of four variables are involved.
This secton presents a methad for analyzing such relationships involving more than
WO variables. Ay in the previons sectiony of this chapter, we will work with linear
relationships only, We begin with the multiple regression equation,

Definition:

A multiple regression equation expresses a linear relationship belween a dependent

\‘;Irlal\lc_\' and two or more in@upcndcm variables (v xy, . .., & ). The general form
ofa multiple regression equation is
A
YEhthxthxt+ o+ by
We will use the following not
Notatt .
holihuns.
y=hn+bl,\'+b2_\-+...+bm.
(Geaeral form of the estimated multiple regression equation)
n = sample size -
A =number of independent variables, (The independent variables are also
called predicror variables or x variables,)
A ; . : g .
¥ = predicted value of the dependent variable y: (computed by using the
multiple regression equation) ‘
X5 Napis

ation, which follows naturally from the notation.

-y Xgare the independent variables.
A =the y-intercept, or the value of y when all of the predictor variables are
0 (This value is u population parameter.) '

by = estimate of 4 based on the sample data (by is a sample stalistic.)

Bubh, ..., Biare the coctlicients of the independent variables x;, x5, . . ., x,

by by ool bgare the sample estimates of the cocelTicients Bl B

If there is a lincar relationship between a dependent variable = and two
independent variables x and y, then we would seek an cquation connecting the
variables that has the form.

Z=a+bytcy --- (i)

This is called regression equation of z on x and y.
If v is the dependent variable, a similar equation will be called a regression
equation of x on y and z.

The equation (i) represents a plane in three-dimensional coordinate system, it is
often called a regression plane. To find the least-squarcs regression plane, we
determine a, b, ¢ in (i) so that

Yz =na+bXx+cly
xz = alx + bEY +eIvy
Iyz=aly+ by +cly’
These cquation are called the normal equations corresponding 10 equation (j).

¥ 28 The following table shows the weight z to the nearest pound, heights x

to the ncarest inch, and ages y to the nearcst year, of 12 boys

(a) fita lcast squares regression planc;

(b) Estimatc the weight of a boy who is 9 years old and 54 inches 1all,

[Weighi(z)_T64 [70 _[53]67[55[58[77]57[56151 176 68

Height (x) |57 |59 149 [62 |51 [50[55 (48752 |42 [61 |57

Tge (v) 8 110 Jo T3 [7 (109 (106 {1219

Solution: (s) The linear regression cquation z on x and y can be w
Z=gbxtey

ritien as
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= Iy=106
o wel, Eo=753, Sx =643, %) :
above table we é"t‘ -
From 5= 48,139, £'=34,843. L= 976,
;.-\-- =40,830, &= = 6796, Txy = 5779
" al equations are
o, The o 643 b + 106 ¢ =753
643 a+34,8430+ 5719 c¢= 40,98630
1060+5779b+976c=67 b 0856 en 5063
Jving above equations we get,a = }.65 2,b=0. 1 :
5 Yl‘hi required Jeast squarc regression plane is
£=13.65+(0.855) (1) + (1.506) (v)- . e s
;’ nir.m ¢ =54 and v = 9 in above equalion the estimated weight is
b) Putting x =3= and ) ? .
“ 2 =365 + (0.855) (54) + (1.506) (9) = 63.356 = 63 l'b. |
; e following arc data on the number of twists required to break o
| E The fo lloy bar and percentage of two alloying clements presen;

Number of twists (=) Porcentage of elements A: ) Percentage of element B(y)
umober ' =
] ! -
49 —
) : z
[
i ! 10
30 2 10
58 3 10
57 4 L
i il 15
36 2 15
44 3 15
57 4 15
19 | 20
3! 2 20
33 3 20
43 4 20

Fita least squares regression plane and use its equation to estimate the number of

twists required to break one of the bars when x = 2.5 and y =12
Solution: From above table using calculator we get

Iz=723, Zx=40, Zy.=200,
Zxy =500, Zxz=1,963, Lyz=8210
Then the normal equations are
723=16a+40b+200 ¢
1963 =40a + 120 b + 500 ¢
3210 =200 a + 500 b + 3000 ¢
Solving these equations, we get unique solution of this system as
. u=464,b=778 ¢=-165
The equation of estimated regression plane is
‘ I=464+778x- 1.65)'
Puttingx =25 and y =12 into this equation

Weget, 2=46.4+ (1.78)(2.5) - (1.65) (12) = 46.0

=120, Zv'=3,00
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L. Wha
S

2. 58 5*"71-*=A‘ 2062 Jewtha! 2065 Kartis/ 2067 Mangsir)
. >E§\ -:cn’_—‘. :gd_ﬂ'-] (inclusive)
= CArson's co ent oi'ccm:i-:xiom"fn’ PN e (EIE.)"T’O";'-S"'J"'J”‘
) 210N cannot exceed the limits -] <r< 1.

. comelation coefficient in contest of enuj ey v
- ) ontest of engineening field with
3 N |TU, BE, 2063 Kartik)

230N s correlan coefl)
on's correlation coefficien

lincar proparties of comelation o tand coeilicient of determination. Discuss the
{ diation Coethtwenl, (TL"SE.’UM‘\Iagh(h'..'k)]

o. Wharis e e
SUAS I reere s15 0 Ho i 1
s 18 2 How aocs it differ from correlation ?

_ 17, 2030 Rhadra’ 2657 Bi i }
E\F]_,m Clearls b Hacre ”‘\ r‘- 243 n:..:.irn .‘Uﬁ__‘ Ashardh/ 2065 Chairra (Rey/ 2066 Magh|
e o ,\A .gl ¢ -IL‘UEUJ”} two lines of regression? Point out the case
sHelihere 1s only one line of reeressi s i
y € ¢ otregression. Hlustrate your answer by diagram also.
5 E o R ) \TU. BE, 2062 Baisahhs 2067 Mangsir
8. Explain the concept of resression and poi Nt out | c o
i - u pont out its application dealing with
nawmeenng problem with sutable example
= TU, BE, 2064 shrawan/ 2063 hartik/ 2067 1
5. T e ’ |TL, BE. 2 Sirawan/ 2063 kartk/ 2067 Mangyir|
cline regression coclficient. What are the properties of regression coefficient?

» \TU, BE, 2063 Shravwan/2068Mugh(Bachk)]
0. Write the basic conce ast s
1 nie the basic concepr of least square method of simple regression.
_ N \TU, BE, 2064 Poush]
1 t What s regression analysis” Differentiate between correlation and regression
12, Discuss briefly multple regression analysis with suitable examples.
13, Define partal correlanon: Distinguish between partial and multiple correlations
Numerical Problems

1. Heavy metals can mlnbit the bological treatment of waste in municipal treatment
plants. Monthly measurcments were made at a state-of-the-art treatment plant of the

amount of L’hrnmnml_(‘u-,;/’/| in both the imfluent and eftluent.

Titheent | 250 ] 290 | 270|100 | 300 [ 410 | 110 [ 150 1100
Enpent |19 |10 17 [ U 18 30| 180

(a)Muake a scatter plot
(b) Calculate the correlation cocfficient r. [Ans:r=0.942]
7 Calculate the Karl Pearson's coclficient of correlation between age and playing habits

from the data piven below.

Ave 20 [ 21 [ | » [ 24 ] 35

No o sdemis |00 | 400 | 300 | 240 | 200 | 160
coular plavers | 400 00 | k0| 96 | 60 3

Regular plavers | 400

[Ax;—r =-09738] (IU, BE, 2062 Bhadra]
- ocificie :): he followny data
 Caleulate the coefficient of correlation from the followmp data
3\ e 3(,,‘,,’,,?," - as | s6 'vj 54 Laa 4(:7}7_53 [ 60 30 [ 36
yales ) 113 | 27, | 17 —
S eriisement cost (WO Rs) | 40 | 36 | 30 43| 36 |32 [45] 42 [ 20 ] 36 |
e o TTon! [Ans: r = 0.823] (10U, BE, 2002 Baisahh]
f correlation from the following data

jon from resull,

Diaw your conclus )
cocfficient o

4. Calculate the Four) Pesrson's

. L orice snd demand of certaim commodiy
reparding Pree BE STy [aa [ 25 26 (21 [8 29130
[ Pricetinfo) T D] BURED 7] 16 6 NERRERNIE

T l‘MJmu;a)/
(K und {2228 . O.9108]) [TU, BE, 2063 Kuriik)

[Ans: 1=
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Correlation and Regressig,

§. Calculate Karl Pearson’s coeflicient of comelation from 13, fol
velv 25 th i7in of X X Cllowry da'\\

and 26 respectively as the ongin of X'and ¥ respectively, eae

(x| a5 | 4+ [ 4 | 40 | 44 | a2 ] g5

[y [ 29 | 31 [ 19 [ 18] 197727 |5 h;;;e;%
4 [Ans: = 0.5217) 7
6. The following table gives age and percentage of blindness in ’
Find out if there is any correlation between age and blindness.
G—10 | 10-20 | 20-30 [ 3040 [ 40-50

LT
g 4

6T
v
BE, 2044
rtﬁpccme e g 1
iy

Age (vr) =
Yoof blindness [ 70 | 63 [ 2! l 26 _1 45 ]
[Ans: r = 0.046, Positive correla e
NI, B, 345 ™

7. On !3 Apnl 1994, the following conce{\mﬁons of pollutants were Tecordeq 4 e
stations of the monitoring sysiem for air pollution control located iy the do:mg:q

area of Milan, [taly. iy,
Station
I 1l 11 14 [4 7 Vi T
NO; mg/m 130 130 115 120 135 192 | 90 |15
CO>mg/m’ 29 44 3.6 4.1 33 57 THE

(i) Show the relationship between NO: and CO, by graphical method.

(i) Compute the correlation coefficient between NO; and CO..

(iii) Explain the relationship between NO; and CO,.

(iv) Determine coefficient of deteninination between the pollutants and interpre
result using coefficient of determination.

[Ans: (iD) r = ~0.1522, ncgative correlation; (iv) 2 = 0.02316= 0023 whg
means that the 2.32% ot the changes in one pollutant is explained by the o

pollutant] |TU, BE, 2067 Mangsir/ 2068 Biud

Partial and multiple correlation
8. On the basis of observation made on 39 corton plans, the total crrelation of fiedy
cotton (), the number of bolls i.e. seed vessels (X2) and height (X5) are found tobe
= 0.5, rg= 0.65. ra= 0.70.
Compute the partial correlation between yields of cotton a s
climinating the effect of height. o s (uu—‘tﬁ ml
9. Compute the partial correlation coefficient from the following information by keepini
the effect of the third variable Xj constant.
The coefficient of corrclation between X; and Xz = ggg
The coefficient of correlation between X; and X3 =0.
The coefficient of correlation between Xz and Xy = 070  [Ans: 0.615511%;?7"1
10. A sample of 10 values of three variables X;, X and Xy were obtained as |

nd the number bolk

X, = 10 ZX: =20

X, =120 X, =68

XX = FX, X, =15

XX = 10 XX T

Find (a) Panial correlation between X, and X3 climinating the eflec{ 9%~
as |nduF"ﬂ o
b) Ain =0T

(b) Multiple correlation between X, Xyand Xy assuming X ”
[Ans: a) ma=072

ndent.
|

yression for ¢

Regression

. . : ines of el
11. Calculate the coefficient of correlation and obtain the lin

following data: ) 7 9
X | 2 3 4 5 6 7 lsw”
Y 9 8 10 12 1 ;34 035,110 BE L

[Ans:y=725+095xx=~
12. The two regression equations of the variable x and y 31¢

-467-
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v=19.13-087v andx=0.64-0.50¢

£ind (0 \fean of ¥'s: (if) Mean ofy's; (iii) Correlation cocfficient between x and
B ).

13.

s - v = 88.65 +(=1.458) X, x = 47.45 = (CASTWITU, BE, 2057 Bhadras 2067 Shrawan]

[Ans: ¥=15.035 =3¢
: . T “J<-_"=J.6Lr=\,0~n-=
uations of the two lines of regression for the following dam.' H=066)

46 | 30 | 1 N
79 | 19 18 19 ol I T T

inthe ¢

Qbtal

14. Thecost of manufacturing a lot of certain product depends on the lot size 1s shown

15,

by the following sample data.
CostinRs =y 30 | 70 140 | 270 530 | 1010 [ 2500 | 5020
Lorsized 2 L[ s [ 10 35 50 [ 100 ] 250 | 500
Fit a straight linc to these data by the method of least squares using lot size as the
independent variable. u

[Ans @) =22.90 +9.98 x] |TU. BE. 2061 Ashwin]

The following table gives the age of cars of a certain company and annual
maintenance cosl.

Age of the car in (Year) 2 Pl 5 | g

‘ Maintance cost in (Rs. 000) 10 20 35 ! 30

Obtain the regression equation for cost related 1o age. And also estimate the cost of

maintenance for 7 ycars old car.
[Ans:y =5 +3.25x; )(7) = 27.75)|TU, BE, 2062 Jestha)

16. Suppose a_statistics professor is interested in predicting final exam score (y) from

SAT mathematics score (x). using the following data student.

Student 1 2 3 4 5 6 7 8 9
SAT score x 240 | 465 | 282 | s21 | 535 | 552 | 572 | 590 | 607
Final Score y 40 47 43 54 64 52 59 68 44

I8.

_.In some determination of the volume I/

(i Determine the regression cquation for predicting scores on the final (1) from

SAT score (x)
(i) From a SAT score of 500, predict the score on the final.
[Ans ;) =24.88+0.054 v )(500) = 51.88] [TU. BE, 2062 Baisakh}
- of carbon dinxide dissolved in a given volume

of water at different temperature 0 the following pairs of value were obtained:

0 [0 10
e 118 | 1.00 ]

cast squares, rclation of the form ¥= a + b0 which best fits

[Ans: V=1758+ (-0.0543)0)) |TU, BE. Zﬂ(l'JA\'Imlla]
he number of data point X is used to

Obtain by the method of |
of these obscervation.

Consider the following sample result, where t
predict computer processing time Y (in scconds)
X=x 105 511 401 622
Y=y 44 214 193 299

for the cstimated

terminc the expression

Use the method of least squares to de
regression line. Determine the predict
points is 200, [Ans: y =-2.44 + 0,461y, 1(200) =

19, The insecticide commonly known as DDT]
its disastrous effect on the cnvironment.
thickness of the eggshells of certain birds. {
thinner eppshells, which in turn make the cg
dwindling bird pollution)
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1as been bande
The following data s
(Presence of higher leve

ps break prematurely,

cd processing time when t

89.76)

he number of data
|TU, BE, 2063 Kartik]

d in most countrics duc to

how the effect of
| of DDT leads to

thus Jcading to a
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Correlation and Regression

DDT residue in yolk lipids | 65 0% o T Tz T2 [0
(rart/ml) (\)
Thickness of egeshell () 052 | 053 | 050 | 09 | 040|041 | 037 |

DF\‘Elop linear model to measure relationship hetween the level ofl’l)fz]ird_c-ﬂ:wllcll
thickness. [Ans : 1= 0.554 + (=0.0004997)x] [TU, RE, 2064 Loush]

20. The report refuse derived fuel evaluation in an Industrial "Spreader-Stroker Boiler”

r?poned the accompanying data on .\ = % refuse derived fuel (RDF) heat input and
= % efficiency for certain boiler.
X 37 0 48 29 27 16 0 20
4 78.0 77.2 744 71.1 76.9 79.0 2.1 76.5
Obrain the equation of the estimated regression line, Estimate the true %o clliciency
when % RDF heat input is 23.

[Ans :y=81.17+ (=0.133)x, )(25) = 77.85] [TU, BE. 2064 Poush|

21. The following measurements show the respective heights in inches of 10 fathers and

their eldest sons :

Heightof father X ] 66 [ 67 [ 63 [ 71 | 69 |65 |62 |70 | 61 |72

Height of son Y 65 | 68 |66 |65 |70 | 67 [ 67 |7 62 | 63

Obtain the regression line of son's height on father's height and estimate the height of

son when his father is found to be 70 inches high.
[Ans:y =S5471 + 0.176x. y(70) = 67.03] \TC, BE, 2065 Chaitru|

22. From the following table, compute the line of regression for estimating blood

pressure :
Blood pressure Y 147 125 160 118 149 128
Ageinvears X 56 42 72 36 63 47

w

(i) Ohm's law

[Ans :y =T74.68 + L.119 x] [TV, BE 2065 Chuitra (Re))

23. An article in the Tappi Journal (March. 1986) presented data on green liquor Na,$

concentration (in gm/lit) and paper machine production (in tons per day). The data

(read from graph) are shown below.
X 40 42 49 46 44 48 46 43

Y 820 830 890 870 890 910 950 960

(i)  Fita simplc linear regression model y = green liquor Na,S concentration and x
= production.
(i)  Find the fitted value of y corresponding to x = 915 and the associated residual.
[Ans: (i) y = 555.23 + 7.481x: (ii) ) (915) = 7400.35] {TU. BE, 2066 Magh|

24. Fit a straight line to the following data regarding Y as an independent variable

X |1 [ 18 |33 |45 |63
Yy [0 |1 2 3 4 :
[Ans 1 v =-0.50 + 0.741x] |TU. BE. 2066 Magh)
. Obscrvations on the yicld of a chemical reaction taken at various temperatures were
recorded as follows: |TU. BE. 2067 Mangsir / 2068 Magh(Rack))

X0 | 150 150 200 250 250 300 150
¥(") 754 81.2 85.5 89 90.5 96.7 75.4

(i)  Plot the data
(i) Does it appear from the plot as if the relationship is linear?
(iii) Fita simple lincar regression. [Ans: y = 58.58 +0.127x]

26. Find and sketch or plot the sample regression line of y on x and plot the given data on

the same axcs.

Voltage x [Volts 30 30 60 60 90 90

Corrent [amperes] 31 (32 |63 |65 100 | 101

Also find resistance [Ans: y=-0.367 +0.115x, R = 8.70]
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